Equicontinuous foliated spaces by López, Jesús A. Álvarez & Candel, Alberto
ar
X
iv
:1
31
1.
34
90
v1
  [
ma
th.
GT
]  
14
 N
ov
 20
13
EQUICONTINUOUS FOLIATED SPACES
J. A. ´ALVAREZ L ´OPEZ* AND A. CANDEL†
Contents
Introduction 1
1. Foliated spaces 2
2. Pseudogroups of local transformations 6
3. Coarse quasi-isometries 8
4. Coarse quasi-isometry type of orbits 9
5. Fo¨lner orbits 15
6. An example of non-recurrent compact generation 18
7. Quasi-local metric spaces 19
8. Equicontinuous pseudogroups 20
9. Quasi-effective pseudogroups 26
10. Coarse quasi-isometry type of orbits with trivial groups of germs 29
11. Minimality of the orbit closures 31
12. The closure of a strongly equicontinuous pseudogroup 32
13. Local metric spaces 34
14. Pseudogroups of local isometries 37
15. Isometrization of strongly equicontinuous pseudogroups 38
16. A non-standard description of weak equicontinuity 42
17. Strongly equicontinuous foliated spaces 43
References 46
Introduction
The theme of this paper originates in the study of the generic geometry of leaves of a
foliated space. In [3], we analyze the problem of when all (or almost all) the leaves of a
foliated space are quasi-isometric. In this paper, a dynamical condition on a foliated space
guaranteeing that all the leaves without holonomy are quasi-isometric will be discussed.
The condition is on the structure of the action of the holonomy pseudogroup, and is called
equicontinuity. That such condition may imply that all leaves without holonomy are quasi-
isometric comes from the structure theorem of Riemannian foliations. These foliations
are the models of equicontinuous foliated spaces, and P. Molino’s work [17] describing
their structure has as a consequence that the holonomy covers of all the leaves are quasi-
isometric via a diffeomorphism. Indeed, given a compact, connected manifold M endowed
with a Riemannian foliation, Molino shows that there is a fiber bundle over M with compact
fiber (the transverse orthonormal frame bundle), and with a foliation transverse to the fibers
*Research of the first author supported by DGICYT Grant PB95-0850.
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whose leaves are the holonomy covers of the leaves of M. Furthermore, there is a group of
automorphisms of this bundle which permutes the leaves.
The concept of Riemannian foliation is easily formulated by saying that the holonomy
pseudogroup is a pseudogroup of local isometries of a Riemannian manifold. This gener-
alizes to equicontinuous pseudogroups of local transformations of topological spaces. As
such, the concept of equicontinuity appears in R. Sacksteder’s paper [24]. The parallelism
between Riemannian foliations and equicontinuous pseudogroups is developed by E. Ghys
in [17, Appendix E], see also M. Kellum’s paper [16] for this connection.
Thus, in certain measure, what is done in this paper may be seen as a generalization
of that aspect of Molino’s theory pointed out above. First we show that all leaves without
holonomy have the same coarse quasi-isometry type. For general equicontinuous foliated
spaces, it seems not to be possible to obtain this result, the main obstruction being the
very general structure of the transverse models. This obstruction can be overcome by
imposing certain regularity to the transverse structure. The proof of this result requires
certain amount of work on pseudogroups and on the geometric structure of their orbits,
and on how to pass from coarse quasi-isometries between orbits to leaves.
When the foliated space is smooth, then it is possible to introduce a metric tensor on
the leaves that varies continuously from leaf to leaf. In this case the above results can be
improved by using quasi-isometries via diffeomorphisms between leaves. Moreover, for
general equicontinuous foliated spaces, it can be shown that the universal covers of all
leaves are quasi-isometric to each other via diffeomorphisms. These results are obtained
with the help of normal bundle theory.
From our study of pseudogroups, it also follows that equicontinuous foliated spaces
(with some mild conditions) satisfy two other typical properties of Riemannian foliations.
First, the leaf closures are homogeneous spaces and form a partition. Second, the holo-
nomy pseudogroup is indeed given by local isometries with respect to some “local metric,”
and has a closure in certain sense. The existence of this closure of the holonomy pseu-
dogroup is an important ingredient of our topological description of Riemannian foliations
with dense leaves given in [2].
The main results of this paper and [2] were conjectured and greatly justified by E. Ghys
[17, Appendix E]. The concept of equicontinuity for foliations was also studied by M. Kel-
lum [16] and C. Tarquini [27]. Kellum dealt with the more restrictive setting of transversely
quasi-isometric foliations, and Tarquini showed that equicontinuous transversely confor-
mal foliations are Riemannian, which also follows from our main result of [2] in the case
of dense leaves.
Acknowledgments. The work of the first author was supported by DGICYT Grant
PB95-0850, and that of the second by NSF Grants No. DMS-9973086 and DMS-0049077.
The authors were at the Universidade de Santiago de Compostela and at CSUN while this
paper was being written, and thank these institutions for their support. We also thank
F. Alcalde Cuesta for helpful conversations.
1. Foliated spaces
This section collects and develops some information on foliated spaces which will be
used later. General references on foliated spaces are [11], [18], [5].
The definition of the concept of foliated space (or lamination) requires that of smooth
function. Let Z be a Polish space ( i.e., a completely metrizable separable space) and let U
be an open set in Rn × Z. A map f : U → Rp is smooth (of class Ck) at the point (x0, z0) if
there is a neighborhood of (x0, z0) in U of the form D × Y (where D is an open ball in Rn
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and Y is an open subset of Z) such that f is continuous on D× Y and the partial derivatives
up to order ≤ k of all coordinate functions fi of f exist and are continuous at all points
(x, z) ∈ D × Y.
A locally compact Polish space X is said to have the structure of a foliated space (of
class Ck) if there is a collection of charts (flow boxes) (Ui, φi), where {Ui} is a covering of
X by open sets, the maps φi are homeomorphisms φi : Ui → Bi × Zi, for Polish spaces Zi
and open balls Bi of finite radius in Rn, such that the coordinate changes are of the form
φi ◦ φ
−1
j (x j, z j) = (xi(x j, z j), zi(z j)) ,
where xi : φ j(Ui ∩ U j) → Rn is of class Ck and zi is continuous. The sets φ−1i (Bi × {z}) are
called plaques.
Since the foliated space X is locally compact, given an open cover U = {Ui, φi} by flow
boxes of X, it is always possible to find a locally finite covering {Vα, ϕα} by flow boxes
which is a refinement of U in the sense that each Vα has compact closure on some Ui(α) and
the corresponding chart φi(α) extends ϕα. Such cover {Vα} is called regular [11], [5].
A synonym of the term foliated space is lamination, which is sometimes reserved for
a foliated space which is embedded as a closed subset of a manifold. It may also be
convenient to denote the foliated space by (X,F), with F referring to the particular foliated
structure on X.
The foliated structure of a space X induces a locally euclidean topology on X, the basic
open sets being the open subsets of the plaques, which is finer than the original. The con-
nected components of X in this topology are called leaves. The smooth structure implies
that each leaf is a connected manifold of dimension n and of class Ck. If x is a point of X,
the leaf which contains x will usually be denoted by Lx.
Concepts of manifold theory readily extend to foliated spaces. In particular, if F is at
least of class C1, there is a continuous vector bundle T X over X whose fiber at each point
x of X is the tangent space of the manifold Lx at x.
Some very basic properties of foliated spaces will now be listed. They easily follow
from the definition and standard techniques of manifold theory extended to “manifolds
with parameters.” A basic observation is the following [18], which is immediate from the
paracompactness of Polish spaces and the local structure of foliated spaces.
Proposition 1.1. Every open cover of a foliated space of class Ck admits a subordinate
partition of unity of class Ck.
The important consequence is that a foliated space of class Ck, with k ≥ 1, always
admits a metric tensor; i.e., and inner product on T X inducing a Riemannian metric on
each leaf, and varying continuously from leaf to leaf. The induced distance on a leaf L will
be denoted by dL. If X is compact, then each leaf is a complete Riemannian manifold of
bounded geometry. (This may not be the case in general.)
Another consequence of the existence of partitions of unity is the following. The proof
is like that for manifolds [5].
Proposition 1.2. If X is a compact foliated space of class Ck, k ≥ 1, then there is a Ck
embedding ϕ of X in the separable real Hilbert space E. Moreover, a given metric tensor
along the leaves can be extended to a metric tensor on E.
A given metric tensor along the leaves of X admits an extension to a metric tensor on
E. This is so because a metric tensor may be viewed as a section of some bundle over E
with contractible fibers, and X being closed in E implies that a section over X extends to
one over E. It may only be continuous, of course, but that is sufficient to define length.
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If X is compact, then any two metric tensors on the leaves of X are quasi-isometric, and
so, for the purposes of this paper, the metric tensor induced from the standard metric of E
will be taken by default.
This embedding of a foliated space X in E also gives rise to a normal vector bundle,
the fibers of which are isomorphic to E. This structure permits to formalize concepts and
results like “local projection of leaves onto leaves” or “Reeb’s stability.” This structure will
be described presently.
Let X be a compact foliated space, of class Ck with k ≥ 1, embedded in the Hilbert
space E. The restriction of the embedding to each leaf is not an embedding, but only an
injective immersion. The smoothness of X being at least C1 implies that the map which
assigns to a point x ∈ X the subspace TxX of E is continuous (as a map of X into the space
of n-dimensional subspaces of E). It follows that if F is a subspace complementary to one
TxX in E, then it is also complementary to TyX for y close to x.
The key point is that each tangent space TxX is a finite dimensional subspace of E,
hence is closed and has an orthogonal complement. If i : L → E is the inclusion of a
leaf of X in E, then there are charts about x in L and E such that the corresponding local
representation of i is of the form y 7→ (y, 0), provided by the implicit function theorem (flat
coordinates). In these flat coordinates, TyX⊥ = {y} × E for y in this plaque containing x,
and by continuity, the affine subspaces y + TyX⊥ meet nearby leaves transversely. Since X
is compact, it follows that this holds for all y in a neighborhood of radius r about x in X,
the radius r being independent of the point x.
Theorem 1.3. Let X be a compact foliated space embedded in E as above, of class C2.
Let i : L → E denote the inclusion of a leaf L in X ⊂ E. Then there is a vector bundle
p : N → L and a neighborhood W of the zero section of N such that the following hold:
(1) The map i : L → E extends to a local diffeomorphism ϕ : W → E;
(2) there is a foliated space Y ⊂ W, of the same dimension as X, having L as a leaf
and transverse to the fibers of N; and
(3) as foliated spaces, Y = ϕ−1(X ∩ ϕ(W)) and the restriction of p to each leaf of Y is
a local diffeomorphism into L.
Let N(X) = {(x, v) | v ⊥ TxX} ⊂ X × E. Then the exponential map λ : N(X) → E is
λ(x, v) = x + v. Let N(X, ε) denote the set of pairs (x, v) ∈ N(X) with ‖v‖ < ε. The normal
bundle N(L) to each leaf L is contained in N(X).
The differential λ∗ at each point (x, 0) ∈ N(X) is the identity (under the canonical iden-
tification T(x,0)N(X) = TxX × TxX⊥). Therefore, by continuity of λ∗ on N(X) and compact-
ness of X, there exists ε > 0 such that λ∗ is an isomorphism at (x, v) for x ∈ X and ‖v‖ < ε.
This does not mean that λ is locally a homeomorphism. What it means is the following:
Lemma 1.4. For each point x ∈ X there exists a neighborhood Ux in the leaf through x
such that λ is a diffeomorphism of N(Ux, ε) into E.
It will be shown that there exists ε > 0 and r > 0 such that λ is a diffeomorphism
of N(B(x, r), ε) into E, for every x ∈ X. Otherwise, by compactness of X, there exist
sequences (xn, vn) , (yn,wn) in N(X), with ‖vn‖, ‖wn‖ → 0, xn, yn → x, and such that
λ(xn, vn) , λ(yn,wn) for each n. Working on a local flow box around x in X, choosing flat
coordinates around the plaque through x, and taking into account that the normal subspace
to points of X varies continuously, it is then obvious that it is possible to find new sequences
(x′n, v′n) and (y′n,w′n) as above with the added property that all the points x′n and y′n are in the
same plaque as x. This contradicts Lemma 1.4.
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The vector bundle N(X) has a metric on the fibers so that the continuous map φ(x, v) =
λ(x, v)− x is a linear isometry on each fiber. By compactness of X, there exists ε0 > 0 such
that for each leaf L of X the restricted map λ : N(L, ε0) → E is a local diffeomorphism.
Moreover, there exists r > 0 such that for every leaf L and every point x ∈ L, the map
λ : N(B(x, r), ε0) → E is a diffeomorphism.
It follows that if L is a leaf of X, then the neighborhood N(L, ε0) contains a foliated
space Y, which is lifted from X via the local diffeomorphism λ. This completes the proof
of Theorem 1.3.
Remark. The hypothesis that X be of class C2 is required so that the normal bundle and
exponential map be of class C1. On the other hand, a manifold of class C1 admits a com-
patible structure of class Cr , for any 1 ≤ r ≤ ∞. The proof (see [12, Chapter 2]) is based
on approximation results that can be adapted to ‘manifolds with parameters’, that is, to
foliated spaces. Since it is out of place to do this here, the C2 hypothesis is kept here and
in Theorems 17.2, 17.3.
Remark. Let x ∈ L, and let T be a transversal through x, which may be taken to lie in the
affine subspace x+TxX⊥ of E. If G(x) denotes the group of germs of local homeomorphisms
of T which fix x, then there is the germinal holonomy representation
π1(L, x) → G(x).
The construction above shows that this representation is equivalent to that of L as a leaf of
the foliated space Y of N(L, ε0).
The following two propositions complement Theorem 1.3.
Proposition 1.5. Let L be a leaf of the compact foliated space of Theorem 1.3. Then there
exists ε > 0 and an ε-disc bundle W → L which carries a foliated space Y and there exists
a constant K > 0 such that the projection p : S → L of each leaf S of Y into L is a local
diffeomorphism (of class C1) of distortion in the interval [1/K, K].
The disk bundle W → L and foliated space Y ⊂ W with the stated properties have been
constructed in the previous proof. Because the space X is compact, it admits a finite regular
cover by flow boxes. The projection Y → L amounts to finitely many projections between
plaques of these flow boxes. As the cover is finite and regular, there are global bounds for
the distortion of these projections within flow boxes. The claim made in the proposition
follows from these observations.
A similar useful fact is the following.
Proposition 1.6. Let L be as in Proposition 1.5. Given R > 0, there exists δ > 0 such that,
if x ∈ L and y is a point of W with p(y) = x, and such that the distance in the fiber of W
between x and y is < δ, then the ball B(y,R) in the leaf of Y through y is contained in W.
Proof. The proof of this fact uses again a finite regular cover by flow boxes. The local
coordinate changes in the transverse direction are uniformly continuous maps, and only a
finite number of coordinate changes are required to run through a ball of radius R, because
plaques have a definite size. 
Remark. The construction of Theorem 1.3 and the discussion that follows it (especially
Proposition 1.5), extend to a covering π : L′ → L of a leaf L, simply by considering
the normal bundle of the immersion L′ → L →֒ E. The output is a disc bundle W → L′
containing a foliated space Y transverse to the fibers and having L′ as a leaf. The projection
of leaves of Y into L is a local diffeomorphism of bounded distortion.
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Continuing with the notation so far introduced, let L′ → L be a covering of a leaf L of
X, let x ∈ L′ and let D be a compact manifold with boundary. Let y ∈ D and let f : D → L′
be a continuous map with f (y) = x. The following is a Reeb stability type of result.
Proposition 1.7. Suppose that the induced homomorphism π1(D, y) → π1(L′, x) takes
π1(D, x) into the kernel of the holonomy representation of L′ (as a leaf of the foliated space
Y). Then there is a transversal Z ⊂ Y through x and a smooth map F from the product
foliation D × Z into X such that F |D × {x} = f and F(D × {y}) is contained in the leaf
through y, for all y ∈ Z.
If f : D →֒ L is an embedding, Z can be chosen so that F embeds D× Z in Y. In partic-
ular, if π1(L′, x) → π1(L) has image contained in the kernel of the holonomy representation
of L as a leaf of X, then, given x ∈ L′ and R > 0 arbitrarily large, there exists δ > 0 such
that if y is a point in the fiber p−1(x) at distance < δ from x, then the ball B(y, KR) contains
p−1(B(x,R)) ∩ Y, and the component of this last set which contains y, contains the ball
B(y,R/K).
Moreover, the absence of holonomy permits to choose δ so that there is a transversal Z
in the fiber through x such that the union of the leaves of p−1(B(x,R)) ∩ Y through points
of Z is parametrized as a product B(x,R) × Z, and the induced metric on the leaves is at
bounded distance from that of B(x,R).
2. Pseudogroups of local transformations
A pseudogroup of local transformations of a topological space Z is a collection H of
homeomorphisms between open subsets of Z that contains the identity on Z and is closed
under composition (wherever defined), inversion, restriction and combination of maps.
Such pseudogroup H is generated by a set E ⊂ H if every element of H can be obtained
from E by using the above pseudogroup operations; to simplify arguments, the sets of
generators to be considered will be assumed to be symmetric (h−1 ∈ E if h ∈ E).
The orbit of an element x ∈ Z is the set H(x) of elements h(x), for all h ∈ H whose
domain contains x. These orbits are the equivalence classes of an equivalence relation on
Z. Note that an arbitrary equivalence relation R ⊂ Z × Z is defined by a pseudogroup on
Z if and only if R is a union of sets Ri, i ∈ I, such that the restriction to each Ri of both
factor projections Z × Z → Z are homeomorphisms onto open subsets. Indeed, take the
sets Ri to be the graphs of all local transformations in the pseudogroup. Moreover R is
defined by a countably generated pseudogroup on Z if and only if R is a countable union
of sets Ri satisfying the above condition. This follows because a countable set of local
transformations of Z gives rise to a countable family of composites with maximal domain.
The set of germs of all transformations in the pseudogroup H at all points of their
domains, endowed with the e´tale topology, is a topological groupoid, product and inversion
being induced by composition and inversion of maps, respectively. Thus, for each x ∈ Z,
the set of germs at x of transformations h ∈ H with x ∈ dom h and h(x) = x is a group
called the group of germs at x. If x, y ∈ Z are in the same H-orbit, then the groups of germs
at x and y are isomorphic: an isomorphism is given by conjugation with the germ at x of
any transformation g ∈ H with x ∈ dom g and g(x) = y. The group of germs of an orbit
is therefore well defined, up to isomorphisms, as the group of germs at any point of that
orbit. In particular, a distinguished type of orbits are those with trivial group of germs.
Pseudogroups of local transformations must be thought of as natural generalizations of
group actions on topological spaces (each group action generates a pseudogroup). But the
main example to keep in mind is the holonomy pseudogroup of a foliated space (X,F)
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associated to a regular covering by flow boxes (Ui, φi), whose construction is now recalled.
If φi : Ui → Bi × Zi for Polish spaces Zi and open balls Bi of finite radius in Rn, let
pi : Ui → Zi denote the composite of φi with the factor projection Rn × Zi → Zi; the
fibers of these pi are the plaques. If Ui meets U j, let Zi, j = pi(Ui ∩ U j), and regularity of
the cover permits to define a homeomorphism hi, j : Zi, j → Z j,i such that p j = hi, j ◦ pi on
Ui ∩ U j [5, 11]. (If the covering by flow boxes is not regular, one can define generators
of a pseudogroup via local sections of the projections pi.) Such a collection (Ui, pi, hi, j)
is called a defining cocycle for F [8, 9]. These hi, j generate a pseudogroup H of local
transformations of Z =
⊔
i Zi, which is called the holonomy pseudogroup of (X,F) (with
respect to the covering (Ui, φi)).
There is a canonical bijection between the set of leaves and the set of H-orbits, which
is given by L 7→ H(pi(x)) if x ∈ L ∩ Ui. Each Zi can be considered as a local transversal
of F via φi and the identification Zi ≡ {0} × Zi ⊂ Bi × Zi. It may be assumed that all of
these local transversals are disjoint from each other, and thus that Z is embedded in X as a
complete transversal. Each H-orbit injects into the corresponding leaf in this way.
The holonomy groups of the leaves can be defined as the groups of germs of the corre-
sponding orbits. Thus leaves with trivial holonomy group correspond to orbits with trivial
group of germs. Moreover, with the same arguments of [11], it follows that, for a general
pseudogroup H of local transformations of a topological space Z, if H has a countable set
of generators, then the union of orbits with trivial group of germs is a residual subset of Z;
in particular, this union is dense in Z if Z is a Polish space.
It is well known that all defining cocycles of a foliated space induce holonomy pseu-
dogroups that are equivalent in the sense given by the following definition; thus the relevant
properties of pseudogroups of local transformations of a topological space are those that
are invariant by these equivalences.
Definition 2.1 (Haefliger [8, 9]). Let H,H′ be pseudogroups of local transformations of
topological spaces Z, Z′, respectively. An e´tale morphism Φ : H → H′ is a maximal
collection Φ of homeomorphisms of open subsets of Z to open subsets of Z′ such that:
• If φ ∈ Φ, h ∈ H and h′ ∈ H′, then h′ ◦ φ ◦ h ∈ Φ;
• the sources of elements of Φ form a covering of Z; and
• if φ, ψ ∈ Φ, then ψ ◦ φ−1 ∈ H′.
An e´tale morphismΦ : H → H′ is called an equivalence if the collection Φ−1 = {φ−1 | φ ∈
Φ} is also an e´tale morphism H′ → H, which is called the inverse of Φ. The composite of
two e´tale morphismsΦ : H → H′ and Ψ : H′ → H′′ is the collection Ψ ◦Φ = {ψ ◦ φ | φ ∈
Φ, ψ ∈ Ψ}, which is an e´tale morphismH → H′′. Finally, an e´tale morphismΦ : H → H′
is generated by a subset Φ0 ⊂ Φ if all the elements of Φ can be obtained by restriction and
combination of composites h′ ◦ φ ◦ h with h ∈ H, φ ∈ Φ0 and h′ ∈ H′.
An e´tale morphism Φ : H → H′ clearly induces a continuous map between the cor-
responding spaces of orbits, ¯Φ : Z/H → Z′/H′, which is a homeomorphism if Φ is an
equivalence.
A basic example of a pseudogroup equivalence is the following. Let H be a pseu-
dogroup of local transformations of a space Z, let U ⊂ Z be an open subset that meets every
H-orbit, and let G denote the restriction of H to U. Then the inclusion map U →֒ Z gener-
ates an equivalence G → H. In fact, this example can be used to describe any pseudogroup
equivalence in the following way. Let H,H′ be pseudogroups of local transformations of
spaces Z, Z′, and Φ : H → H′ an equivalence. Then let H′′ be the pseudogroup of local
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transformations of Z′′ = Z ⊔ Z′ generated by H ∪H′ ∪ Φ. Then the inclusions of Z, Z′ in
Z′′ generate equivalences Ψ1 : H → H′′ and Ψ2 : H′ → H′′ so that Φ = Ψ−12 ◦ Ψ1.
For pseudogroups of local transformations of locally compact spaces, the following
result characterizes the existence of relatively compact open subsets that meet all orbits.
Lemma 2.2. Let H be a pseudogroup of local transformations of a locally compact Z. The
orbit space Z/H is compact if and only if there exists a relatively compact open subset that
meets every H-orbit.
Proof. If an open subset U ⊂ Z meets every H-orbit, then the restriction U → Z/H of the
quotient map Z → Z/H is onto. Thus Z/H is compact because it is a continuous image of
the compact space U.
Assume that Z/H is compact. Since Z is locally compact, each x ∈ Z has relatively
compact open neighborhood Ux. Let Qx denote the image of Ux by the quotient map
Z → Z/H. Since Z/H is compact, its open covering {Qx | x ∈ Z} has a finite sub-covering
Qx1 , . . . , Qxm . Then the open set U = Ux1 ∪ · · · ∪ Uxn of Z is relatively compact and meets
all orbits of H. 
Examples of pseudogroups with compact space of orbits are the holonomy pseudogroups
of compact foliated spaces, as orbit and leaf spaces can be identified. But such pseu-
dogroups satisfy a stronger compactness condition that is defined as follows.
Definition 2.3 (Haefliger [8]). LetH be a pseudogroup of local transformations of a locally
compact space Z. Then H is compactly generated if there is a relatively compact open set
U in Z meeting each orbit of H, and such that the restriction G of H to U is generated by
a finite symmetric collection E ⊂ G so that each g ∈ E is the restriction of an element g¯ of
H defined on some neighborhood of the closure of the source of g.
It was observed in [8] that this notion is invariant by equivalences and that the rela-
tively compact open set U meeting each orbit can be chosen arbitrarily. If E satisfies the
conditions of Definition 2.3, it will be called a system of compact generation of H on U.
3. Coarse quasi-isometries
The concept of coarse quasi-isometry was introduced by M. Gromov in [7]; it is also
called rough isometry in the context of potential theory [15]. A net in a metric space M,
with metric d, is a subset A ⊂ M such that d(x, A) < C for some C > 0 and all x ∈ M;
the term C-net is also used. A coarse quasi-isometry between M and another metric space
M′ is the choice of a bi-Lipschitz bijection between nets of M and M′; in this case, M and
M′ are said to have the same coarse quasi-isometry type or to be coarsely quasi-isometric.
This definition involves two constants that will be called coarse distortions: one for the nets
and another one for the bi-Lipschitz equivalence. A collection of coarse quasi-isometries
is said to be uniform when the same coarse distortions are valid for all of them.
Recall that the Hausdorff distance between subspaces X, Y of some metric space with
metric d, is defined as
dH(X, Y) = max
{
sup
x∈X
d(x, Y), sup
y∈Y
d(y, X)
}
.
Now let M, M′ be arbitrary metric spaces with metrics d, d′. The Gromov-Hausdorff dis-
tance (also called abstract Hausdorff distance) between M, M′, denoted by dGH(M, M′),
is the infimum of the Hausdorff distances dH(M, M′) over all metrics on M ⊔ M′ that re-
strict to d, d′ on M, M′. Note that dGH(M, M′) may be equal to ∞. If dGH(M, M′) < ∞,
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then M, M′ are called Hausdorff equivalent. On the other hand, the metric spaces M, M′
are called Lipschitz equivalent when there exists a bi-Lipschitz bijection M → M′. Then
M, M′ are coarsely quasi-isometric if and only if there are some metric spaces N, N′ such
that the pairs M, N and M′, N′ are Hausdorff equivalent, and N, N′ are Lipschitz equivalent.
There is also a categorical description of coarse quasi-isometries. Two maps f , g : M →
M′ are called parallel [7], or bornotopic [23] or uniformly close [4] if there is some R > 0
such that d′( f (x), g(x)) < R for all x ∈ M. A map f : M → M′ is said to be large scale
Lipschitz [7] if there are constants λ, c > 0 such that
d′( f (x), f (y)) ≤ λ d(x, y) + c
for all x, y ∈ M; note that f need not be continuous. Then coarse quasi-isometries can be
considered as isomorphisms in the category of metric spaces and parallel classes of large
scale Lipschitz maps.
The above description of coarse quasi-isometry is similar to the definition of another
type of “coarse” equivalence. A map f : M → M′ is called effectively proper [4] if for all
r > 0 there is some s > 0 so that
d′( f (x), f (y)) < r =⇒ d(x, y) < s
for all x, y ∈ M. The map f is called uniformly bornologous [23] or (coarsely) Lipschitz
[4] if for all r > 0 there is some s > 0 so that
d(x, y) < r =⇒ d′( f (x), f (y)) < s
for all x, y ∈ M. Then two metric spaces are called uniformly close [4] if there is an
isomorphism between them in the category of metric spaces and uniformly close classes
of effectively proper coarsely Lipschitz maps. Note that every large scale Lipschitz map is
coarsely Lipschitz, and it is also effectively proper if it has a large scale Lipschitz inverse
up to the uniform closeness of maps. Therefore coarsely quasi-isometric metric spaces are
uniformly close.
Uniform closeness of metric spaces is a slight modification of the concept of bornotopy
equivalence introduced in [23], which is an isomorphism in the category of proper met-
ric spaces and bornotopy classes of effectively proper uniformly bornologous Borel maps.
Here, a metric space is called proper when its closed bounded subsets are compact. Thus
bornotopy equivalence is the same as uniform closeness for all spaces that will be consid-
ered in this paper.
4. Coarse quasi-isometry type of orbits
Let H be a pseudogroup of local transformations of a space Z, and E a symmetric set
of generators of H. For each h ∈ H and each x ∈ dom h, let |h|E,x be defined as follows.
If h is the identity around x, set |h|E,x = 0. Otherwise, |h|E,x is the minimal positive integer
k such that h = hk ◦ · · · ◦ h1 around x for some h1, . . . , hk ∈ E. Let R ⊂ Z × Z denote the
equivalence relation induced by H (whose equivalence classes are the orbits). Then, for
(x, y) ∈ R, let
dE(x, y) = min{|h|E,x | h ∈ H, x ∈ dom h, h(x) = y} .
In this way, E induces a map dE : R → N whose restriction to each orbit is a metric. This
is a well known construction of a metric on the orbits; especially, for group actions.
Unlike the case of group actions, for a pseudogroup H of local transformations of a
space Z with a symmetric set E of generators, the coarse quasi-isometry type of the in-
duced metric dE on the orbits may depend on the choice of E, even if E is finite. This is
due to the fact that not only composition of maps is used to generate a group action, but
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restriction and combination of maps are also used to generate H. Moreover, an equiva-
lence of pseudogroups may not preserve the coarse quasi-isometry type of the orbits for
any choice of generators, as can be seen in the following simple example.
Example 4.1. Let H be the pseudogroup on R generated by the action of Z by translations,
and let G be the restriction of H to some open interval U ⊂ R. If U is of length > 1, then
it meets every H-orbit, and thus H is equivalent to G. But the H-orbits are infinite, while
each G-orbit is finite if U is of bounded length. So, for the metrics induced by any choice
of symmetric families of generators of H,G, the H-orbits have infinite diameter and the
G-orbits finite diameter, and thus cannot be coarsely quasi-isometric.
In the measure theoretic setting, this problem is solved by considering Kakutani equiv-
alences [14], which are kind of measure theoretic counterparts of e´tale equivalences with
the additional requirement that the coarse quasi-isometry type of the orbits is preserved. In
the present topological context, the above problem will be addressed without adding more
conditions to e´tale equivalences. Instead, appropriate representatives of pseudogroups and
sets of generators will be chosen to determine a coarse quasi-isometry type on the orbits.
The choice of appropriate pseudogroup representatives is easy, while the choice of appro-
priate generators is rather delicate.
Let H be a pseudogroup of local transformations of a locally compact space Z with
compact orbit space. By Lemma 2.2, there is a relatively compact open subset U of Z that
meets all H orbits. If H is indeed compactly generated, the restriction G of H to U is a
representative of H whose orbits will be shown to have a canonical coarse quasi-isometry
type, which is determined by any symmetric set E of generators of G satisfying certain
conditions. The first condition on E is that it must be a system of compact generation of H
on U. But this is not enough because there are systems of compact generation on the same
open set inducing different coarse quasi-isometry types in the same orbit; such an example
will be given in Section 6. So a second new condition is introduced as follows.
Definition 4.2. A finite symmetric family E of generators of a pseudogroup H of local
transformations of a locally compact space Z is said to be recurrent if there exists a rela-
tively compact open subset U ⊂ Z and some R > 0 such that any dE-ball of radius R in
any H-orbit meets U; i.e., for any x ∈ Z there exists h ∈ H with x ∈ dom h, |h|E,x < R and
h(x) ∈ U.
The role played by U in Definition 4.2 can actually be played by any relatively compact
open subset that meets all orbits, as shown by the following result.
Lemma 4.3. Let H be a pseudogroup of local transformations of a locally compact space
Z, and let E be a recurrent finite symmetric family of generators of H. If V ⊂ Z is an open
set that meets every orbit, then there exists S > 0 such that any dE-ball of radius S in any
H-orbit meets V.
Proof. By definition, there exist a relatively compact open subset U ⊂ Z and a positive
number R such that any dE-ball of radius R in any H-orbit meets U. Since V also meets
every orbit, there exists a finite family F ⊂ H such that:
• the sources of elements of F cover the compact closure U;
• the targets of elements of F are contained in V; and
• each element of F is a composite of elements of E.
Let r > 0 be an integer so that every g ∈ F can be written as a composition of at most r
elements of E.
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Fix any x ∈ Z. On the one hand, there is some h ∈ H with x ∈ dom h, |h|E,x < R
and h(x) ∈ U. On the other hand, there is some g ∈ F whose domain contains h(x). So
x ∈ dom(gh), gh(x) ∈ V , and
|gh|E,x ≤ |g|E,h(x) + |h|E,x ≤ r + R .
Thus the result follows with S = r + R. 
Let H be a compactly generated pseudogroup of local transformations of a locally com-
pact space Z. A system of compact generation of H on a relatively compact open subset
U ⊂ Z that meets every orbit is called recurrent if it is recurrent when considered as finite
symmetric set of generators of the restriction of H to U. An example of a non-recurrent
system of compact generation will be given in Section 6. On the other hand, the existence
of recurrent systems of compact generation will be a consequence of the following result.
Lemma 4.4. With the above notation, let E be a system of compact generation of H on U.
For each g ∈ E, fix an extension g¯ ∈ H of g with dom g ⊂ dom g¯. Suppose that every x ∈ U
has an open neighborhood Vx in Z such that
Vx ⊂ dom g¯x , Vx ∩ U ⊂ dom gx , g¯x(Vx) ⊂ U
for some gx ∈ E. Then E is recurrent.
Proof. For each x ∈ U, let Wx = g¯x(Vx); its closure can be assumed to be contained
in U. Compactness of U implies that U ⊂ Vx1 ∪ · · · ∪ Vxn , for some finite set of points
x1, . . . , xn ∈ U. Let Vk = Vxk , Wk = Wxk and gk = gxk for k = 1, . . . , n, so W = W1∪· · ·∪Wn
is a relatively compact open set in U. Moreover, each y ∈ U belongs to some Vk; thus
y ∈ Vk ∩ U ⊂ dom gk and gk(y) ∈ W, yielding dE(y,W ∩H(y)) ≤ 1. 
Corollary 4.5. Let H be a compactly generated pseudogroup of local transformations of
a locally compact space Z, and let U be a relatively compact open subset of Z that meets
all H-orbits. Then there exists a recurrent system E of compact generation of H on U
satisfying the following property. The extension g¯ ∈ H of each g ∈ E with dom g ⊂ dom g¯
can be chosen so that E = {g¯ | g ∈ E} is also a recurrent system of compact generation on
some relatively compact open subset U ′ ⊂ Z with U ⊂ U ′.
Proof. Since U meets every H-orbit and U is compact, there exists a finite family F ⊂ H
satisfying the following properties:
• each f ∈ F is the restriction of some ¯f ∈ H whose domain is relatively compact
and contains dom f ;
• each ¯f is the restriction of some ˜f ∈ H with dom ¯f ⊂ dom ˜f ;
• the sources of elements of F cover U; and
• im ¯f ⊂ U for every f ∈ F.
For each f ∈ F, let f ′ denote its restriction
U ∩ dom f → f (U ∩ dom f ) ,
let F′ = { f ′ | f ∈ F}, and set F′−1 = { f ′−1 | f ′ ∈ F′}.
There exists a system G of compact generation of H on U, and E = G ∪ F′ ∪ F′−1 is
also a system of compact generation of H on U. Moreover, E satisfies the condition of
Lemma 4.4 because
U ⊂
⋃
f∈F
dom f ,
and im ¯f ⊂ U for every f ∈ F. Thus E is recurrent.
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Now let
U ′ =
⋃
f∈F
dom ¯f ,
which is a relatively compact open subset of Z containing U. Let F =
{
¯f | f ∈ F
}
and
F
−1
=
{
¯f −1 | f ∈ F
}
, which are subsets of the restriction G′ of H to U ′. The extensions g¯
of the maps g ∈ G satisfying dom g ⊂ dom g¯ can obviously be chosen so that:
• each g¯ has source and range in U ′;
• the set G = {g¯ | g ∈ G} is symmetric; and
• each g¯ is the restriction of some g˜ ∈ H with dom g¯ ⊂ dom g˜.
Then E = G ∪ F ∪ F−1 is a finite symmetric subset of G′ which generates G′ because G
generates G and im ¯f ⊂ U for all f ∈ F. The above properties guarantee that E is a system
of compact generation of H on U ′. Finally, E is recurrent by Lemma 4.4 since im ¯f ⊂ U
for all f ∈ F. 
The following is the promised result that shows the invariance of the coarse quasi-
isometry type of the orbits by equivalences when appropriate representatives of pseu-
dogroups and generators are chosen.
Theorem 4.6. Let H,H′ be compactly generated pseudogroups of local transformations
of locally compact spaces Z, Z′, and let U,U ′ be relatively compact open subsets of Z, Z′
that meet all orbits of H,H′, respectively. Let G,G′ denote the restrictions of H,H′ to
U,U ′, and let E, E′ be recurrent symmetric systems of compact generation of H,H′ on
U,U ′, respectively. Suppose that there exists an equivalence H → H′, and consider the
induced equivalence G → G′ and homeomorphism U/G → U ′/G′. Then the G-orbits with
dE are uniformly coarsely quasi-isometric to the corresponding G′-orbits with dE′ .
In other words, Theorem 4.6 asserts that, for pseudogroups H of local transformations
of locally compact spaces Z with given sets of generators E, the coarse quasi-isometry
type of the orbits is uniformly invariant by equivalences when the following conditions are
satisfied. First, H must be the restriction of a pseudogroup H′ acting on a larger locally
compact space where Z is open, relatively compact and meets all H′-orbits. Second, E
must be a recurrent system of compact generation of H′ on Z.
In order to prove Theorem 4.6, the following preliminary results will be required.
Lemma 4.7. Let H be a compactly generated pseudogroup of local transformations of
a locally compact space Z, let U,U ′ be relatively compact open subsets of Z such that
U ∩ U ′ meets all H-orbits, and let E, E′ be recurrent systems of compact generation of
H over U,U ′, respectively. Then, for any open set V that meets all H-orbits and with
V ⊂ U ∩ U ′, there exists some C > 0 such that
1
C
dE′ (x, y) ≤ dE(x, y) ≤ C dE′ (x, y)
for all x, y ∈ V lying in the same H-orbit.
Proof. Let G denote the restriction of H to U. By Lemma 4.3, there exists some R > 0
such that any dE-ball of radius R in any G-orbit meets V . Let Φ ⊂ G denote the finite set of
restrictions of the form
g : V ∩ dom g → g(V ∩ dom g) ,
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where g runs over the composites of at most R elements of E, wherever defined. It is noted
that the images of elements of Φ cover U. Moreover, it may be assumed that R ≥ 2, and
thus that the identity map of V ∩ dom g belongs to Φ for all g ∈ E with V ∩ dom g , ∅.
Let F denote the finite set of composites ψ−1 ◦ g ◦ φ, wherever defined, where φ, ψ ∈ Φ
and g ∈ E. Observe that each f ∈ F is the restriction of some ¯f ∈ G with dom f ⊂
dom ¯f . Furthermore, for each x ∈ dom ¯f , it holds that
∣∣∣ ¯f ∣∣∣E′ ,y ≤ ∣∣∣ ¯f ∣∣∣E′ ,x, for all y in some
neighborhood of x in dom ¯f . Hence, since F is finite and the domain of each f ∈ F is
relatively compact in U ′, there exists an integer S > 0 such that | f |E′ ,x ≤ S for all f ∈ F
and all x ∈ dom f .
Let x, y ∈ V be points in the same H-orbit. If x = y, then dE(x, y) = dE′ (x, y) = 0, and
the statement holds trivially with any C > 0. If x , y, then dE(x, y) = k ≥ 1. Let g ∈ G
be such that x ∈ dom g, g(x) = y and |g|E,x = k. This element g may be assumed to be of
the form g = gk ◦ · · · ◦ g1 for some g1, . . . , gk ∈ E. Then, for i = 1, . . . , k − 1, there exists
φi ∈ Φ whose image contains xi = gi ◦ · · · ◦ g1(x) and such that zi = φ−1i (xi) ∈ V . Such g
can be written as g = fk ◦ · · · ◦ f1 around x, where f1, . . . , fk are the elements of F given by
f1 = φ−11 ◦ g1 , fk = gk ◦ φk−1 , fi = φ−1i ◦ gi ◦ φi−1 ,
for i = 2, . . . , k − 1. Observe that x ∈ dom f1 and zi ∈ dom fi+1 for all i = 1, . . . , k − 1.
Therefore,
|g|E′ ,x ≤ | fk |E′ ,zk−1 + · · · + | f2|E′ ,z1 + | f1|E′ ,x ≤ kS ,
yielding
dE′ (x, y) ≤ S dE(x, y) .
Similarly,
dE(x, y) ≤ S ′ dE′ (x, y)
for some integer S ′ > 0, and result follows with C = max{S , S ′}. 
Corollary 4.8. Let H be a compactly generated pseudogroup of local transformations of
a locally compact space Z and let U,U ′ be relatively compact open subsets of Z such that
U ∩U ′ meets all H-orbits. Let G,G′ denote the restrictions of H to U,U ′, and let E, E′ be
recurrent systems of compact generation of H over U,U ′, respectively. Then the G-orbits
with dE are uniformly coarsely quasi-isometric to the corresponding G′-orbits with dE′ .
Proof. There exists an open set V meeting every H-orbit and such that V ⊂ U ∩ U ′. By
Lemma 4.3, there also exist R,R′ > 0 such that any dE-ball of radius R in any G-orbit meets
V , and any dE′–ball of radius R′ in any G′-orbit meets V . That is, for every G-orbit O and
for every G′-orbit O′, the intersection O ∩ V is an R-net in O and O′ ∩ V is an R′-net in O′.
So the result follows from Lemma 4.7. 
Proof of Theorem 4.6. LetΦ : H → H′ be an equivalence, and let H′′ be the pseudogroup
of local transformations of Z′′ = Z ⊔ Z′ generated by H ∪H′ ∪ Φ, considered as sets of
local transformations of Z′′ in the obvious way. Then U, U ′ and U ′′ = U⊔U ′ are relatively
compact open subsets of Z′′ that meet all H′′-orbits. The restrictions of H′′ to U and U ′
are G and G′, thus E and E′ are recurrent systems of compact generation of H′′ on U and
U ′, respectively. Let G′′ denote the restriction of H′′ to U ′′, and select a recurrent system
E′′ of compact generation of H′′ on U ′′. By Corollary 4.8, the G′′-orbits with dE′′ are
uniformly coarsely quasi-isometric to the corresponding G-orbits with dE , and also to the
corresponding G′-orbits with dE′ . 
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Let H be a compactly generated pseudogroup of local transformations of a locally com-
pact space Z, U a relatively compact open subset of Z that meets all H-orbits, and G the
restriction of H to U. By considering the identity map on the G-orbits and inclusions of
systems of compact generation on U, we get an inductive system of metric spaces. Note
also that distances between points in the same G-orbit do not increase by considering larger
systems of compact generation. By Theorem 4.6, the corresponding “inductive system of
coarse quasi-isometry types” has a limit, which is uniformly reached just when a recurrent
system of compact generation is considered. The following consequence of Lemma 4.7
shows that it happens so with the corresponding “inductive system of Lipschitz types.”
Corollary 4.9. With the above notation, let E be a recurrent symmetric system of compact
generation of H on U. Any other symmetric system E′ of compact generation of H on U
is recurrent if and only if there exists some C > 0 such that
(4.1) 1
C
dE′ (x, y) ≤ dE(x, y) ≤ C dE′ (x, y)
for all x, y ∈ U lying in the same G-orbit.
Proof. Fix any open set V that meets all G-orbits and with V ⊂ U.
Suppose that E′ is recurrent. Then, by Lemma 4.3, there is some R > 0 such that O ∩ V
is an R-net in (O, dE′ ) for every G-orbit O. To show that (4.1) holds for some C > 0, assume
first that E′ ⊂ E. Hence the first inequality of (4.1) holds for any C ≥ 1. Take arbitrary
points x, y ∈ U lying in the same G-orbit. We can assume that x , y, otherwise (4.1)
holds trivially for any C > 0. There are points x′, y′ ∈ V with dE′ (x, x′), dE′ (y, y′) ≤ R.
So dE(x, x′), dE(y, y′) ≤ R as well because E′ ⊂ E. By Lemma 4.7, there is some C′ > 0,
independent of x′, y′, such that
1
C′
dE′ (x′, y′) ≤ dE(x′, y′) ≤ C′ dE′ (x′, y′) .
Therefore
dE(x, y) ≤ dE(x, x′) + dE(x′, y′) + dE(y, y′)
≤ dE(x′, y′) + 2R
≤ C′ dE′ (x′, y′) + 2R
≤ C′ (dE′ (x′, x) + dE′ (x, y) + dE′ (y, y′)) + 2R
≤ C′ (dE′ (x, y) + 2R) + 2R
≤ (C′ + 2C′R + 2R) dE′ (x, y)
since dE′ (x, y) ≥ 1, yielding the second inequality of (4.1) with C = C′ + 2C′R + 2R.
When E′ 1 E, the union E′′ = E ∪ E′ is a recurrent symmetric system of compact
generation of H on U. We have shown that there are some C1,C2 > 0 such that
1
C1
dE′′ (x, y) ≤ dE(x, y) ≤ C1 dE′′ (x, y) ,
1
C2
dE′′ (x, y) ≤ dE′ (x, y) ≤ C2 dE′′ (x, y)
for all x, y ∈ U lying in the same G-orbit, and therefore (4.1) holds with C = C1C2.
Now assume that (4.1) holds for some C > 0 and all x, y ∈ U lying in the same G-orbit.
By Lemma 4.3, there is some R > 0 such that O∩V is an R-net in (O, dE) for every G-orbit
EQUICONTINUOUS FOLIATED SPACES 15
O. Then it easily follows that O ∩ V is an CR-net in (O, dE′ ) for every G-orbit O, and thus
E′ is recurrent by Lemma 4.3. 
5. Fo¨lner orbits
The Fo¨lner condition will be used in the next section to distinguish coarse quasi-isometry
types of orbits. The property that Fo¨lner orbits give rise to invariant measures will be
needed also. This was shown by S. Goodman and J. Plante [6] for pseudogroups acting on
compact metric spaces, and is partially improved in this section by using recurrent compact
generation instead of a compact space. For compact foliated spaces, it is well known that
Fo¨lner leaves induce invariant transverse probability measures. So recurrence can be use-
ful to show that compactly generated pseudogroups behave like compact foliated spaces,
which is in the spirit of a famous project of A. Haefliger [10].
Let M be a metric space with metric d. A quasi-lattice Γ of M is a net of M such that
for every r ≥ 0 there is some Kr ≥ 0 such that #(Γ ∩ B(x, r)) ≤ Kr for every x ∈ M.
Not every metric space has a quasi-lattice, but metric spaces with bounded complexity in a
reasonable sense do; see e.g. [4]) for examples. The metric space M is said to be of coarse
bounded geometry if it has a quasi-lattice.
For any r > 0, the r-boundary of each subset S ⊂ M is the set
∂rS = {x ∈ S | d(x, S ) < r and d(x, M \ S ) < r} .
The notation ∂Mr S will be also used for ∂rS . Then M is called amenable [4] if it has a
quasi-lattice Γ and a sequence of finite subsets S n ⊂ Γ such that
(5.1) lim
n→∞
#∂Γr S n
#S n
= 0
for each r > 0. Such a sequence S n will be called a Fo¨lner sequence in Γ. Since
∂Γr S \ S ⊂
⋃
x∈S∩∂Γr S
(Γ ∩ B(x, r))
for every S ⊂ Γ, it follows that
(5.2) #(∂rS \ S ) ≤ Kr · #(S ∩ ∂rS )
if #(Γ∩B(x, r)) ≤ Kr for any x ∈ Γ. Therefore the amenability condition (5.1) is equivalent
to
lim
n→∞
#(S n ∩ ∂Γr S n)
#S n
= 0
for each r > 0.
Theorem 5.1 (Block-Weinberger [4]). Let M, M′ be uniformly close metric spaces of
coarse bounded geometry. Then M is amenable if and only if so is M′.
This result was proved in [4] in the following way. First, the uniformly finite homology
Huf• (M) is introduced for any metric space M. Second, it is shown that, if two metric spaces
M, M′ are uniformly close, then Huf• (M)  Huf• (M′). Finally, it is shown that a metric space
M of coarse bounded geometry is amenable if and only if Huf0 (M) , 0, and Theorem 5.1
follows. In particular, amenability is a coarse quasi-isometry invariant for metric spaces of
coarse bounded geometry, which can be also proved directly without too much difficulty.
The following lemma will be useful in the in the proof of the main result of this section.
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Lemma 5.2. Let Γ be a quasi-lattice in some metric space, and let A be a C-net in Γ for
some C > 1. Fix any K > 0 such that every ball of radius C in Γ has at most K points.
Then
#S ≤ #
(
S ∩ ∂ΓCS
)
+ K · #(A ∩ S )
for any S ⊂ Γ.
Proof. For every x ∈ S , there is some a ∈ A so that d(x, a) < C, and thus x ∈ S ∩ ∂ΓCS if
a < S . Therefore
S ⊂
(
S ∩ ∂ΓCS
)
∪
⋃
a∈A∩S
(Γ ∩ B(a,C)) ,
yielding the inequality of the statement. 
We are interested in the case of a metric space M whose points are the vertices of some
connected graph, and where the distance between two points is the minimum number of
contiguous edges needed to join them. In this case, besides the amenability condition of
[4], M may be also Fo¨lner in the usual graph sense, which is defined as follows. The
boundary ∂S of any S ⊂ M is the set of points x ∈ S such that there is some edge joining
x with some point in M \ S ; i.e., ∂S = S ∩ ∂2S with the notation of [4]. Then M is Fo¨lner
(as a graph) when there is a sequence of finite subsets S n ⊂ M such that
lim
n→∞
#∂S n
#S n
= 0 .
Note that M is a quasi-lattice in itself just when there is a uniform upper bound K on the
number of edges that meet at every vertex; indeed, #B(x, r) ≤ Kr for all r ≥ 0 when there
is such a K. In this case, since
∂rS ⊂
⋃
x∈∂S
B(x, r) ,
it follows that
#∂rS ≤ Kr · #∂S
for any r > 0. Hence, when there is such a uniform upper bound K, M is amenable (as
metric space) if and only if it is Fo¨lner (in the graph sense).
Consider again a pseudogroup H of local transformations of a space Z with the metric
dE on the orbits induced by a finite symmetric set E of generators of H. Then we get a
graph by introducing an edge between two points x, y ∈ Z whenever there is some g ∈ E
with g(x) = y. Thus #E is an upper bound for the number of edges that meet at every
vertex. Observe that each orbit of H is given by the vertices of a connected component of
this graph, and dE is the metric induced by this graph on its connected components. The
following notation and terminology will be used in this setting:
• Let ∂ES denote the boundary of any finite subset S of an orbit with respect to the
graph structure induced by E;
• for r > 0, let ∂Er S denote the r-boundary of any finite subset S of an orbit with
respect to the metric dE ;
• a Fo¨lner sequence of an orbit with the metric dE (or with the graph structure in-
duced by E) will be called an E-Fo¨lner sequence; and
• an orbit with an E-Fo¨lner sequence will be called E-Fo¨lner or E-amenable.
Theorem 5.3. Let H be a compactly generated pseudogroup of local transformations of a
locally compact metric space Z, let U be a relatively compact open subset of Z that meets
all H-orbits, and let G be the restriction of H to U. Consider the metric on the G-orbits
induced by a recurrent symmetric system E of compact generation of H on U. If some
EQUICONTINUOUS FOLIATED SPACES 17
G-orbit is E-Fo¨lner, then there is a non-trivial non-negative G-invariant Borel measure on
U of finite mass.
Proof. Let S n be an E-Fo¨lner sequence of some orbit O of G. As in [6], a measure µ is
constructed on U as a limit of averaging measures on the finite sets S n. Let C0(U) be the
Banach space of continuous functions f : U → R that vanish at infinity, endowed with the
supremum norm ‖ ‖ given by
‖ f ‖ = sup
x∈U
| f (x)|
For each n ∈ N, let µn : C0(U) → R be defined by
µn( f ) = 1#S n
∑
x∈S n
f (x)
for f ∈ C0(U). Each µn is obviously linear and continuous; i.e., it is an element of the
(algebraic-topological) dual space C0(U)′. Moreover it is easy to check that
|µn( f )| ≤ ‖ f ‖
for all n ∈ N and f ∈ C0(U). Therefore, by the Banach-Alaoglu theorem, the set {µn | n ∈
N} is relatively compact in C0(U)′ with the weak∗ topology; i.e., the topology of pointwise
convergence. Then, by passing to a subsequence if necessary, we can assume that the
sequence µn converges pointwise to some µ in C0(U)′, which can be considered as a Borel
measure of finite mass on U by the Riesz representation theorem. This µ is non-negative
since all the µn are probability measures. The G-invariance of µ follows from the E-Fo¨lner
condition of the sequence S n since, as shown in [6],
|µ( f ◦ g) − µ( f )| ≤ 2 ‖ f ‖ lim
n
#∂ES n
#S n
for all g ∈ E and f ∈ C0(U) with supp f ⊂ im g.
Finally, we show that µ is not trivial. Take any open set U ′ that meets all G-orbits and
with U ′ ⊂ U, and consider any non-negative function f ∈ C0(U) with f (x) = 1 for all
x ∈ U ′. By Lemma 4.3, there is some C > 0 such that O∩U ′ is a C-net in O with dE . Then
µ( f ) ≥ lim
n
#(S n ∩ U ′)
#S n
≥ (#E)−C lim
n
#S n − #
(
S n ∩ ∂ECS n
)
#S n
= (#E)−C > 0
by Lemma 5.2 and since the sequence S n is E-Fo¨lner. 
Remarks. (i) In the proof of Theorem 5.3, the measure µ could be trivial if E were not
recurrent. This is different from the arguments of [6] because U is not compact. For
instance, for the pseudogroup on R generated by the translation g(x) = x + 1, the sets
{n, n + 1, . . . , 2n} (n ∈ N) form a {g, g−1}-Fo¨lner sequence in an orbit, and the limit of
corresponding averaging measures is trivial.
(ii) The statement of Theorem 5.3 could be more general. As in [6], the definitions and
arguments could be modified to remove the condition that all sets of the Fo¨lner sequence
lie in the same orbit: it would be enough to have what is called an averaging sequence in
[6]. But our result is simpler and general enough for our purposes in the next section.
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6. An example of non-recurrent compact generation
In this section, we give an example showing that there exist non-recurrent systems of
compact generation, and that the coarse quasi-isometry type of the orbits may depend on
the system of compact generation if recurrence is not considered.
Fix real numbers
a < a′ < a′′ < b′′ < b′ < b ,
and choose homeomorphisms φ : R → (a, b) and g˜1 : R → R satisfying the following
properties:
• φ(x) = x for all x ∈ [a′′, b′′];
• φ(x) > x for all x ∈ (−∞, a′′);
• φ(x) < x for all x ∈ (b′′,∞);
• φ(a) = a′ and φ(b) = b′;
• g˜1(x) = x for all x ∈ (−∞, a] ∪ [b,∞);
• g˜1(x) > x for all x ∈ (a, b); and
• g˜1(a′′) < b′′.
Let H be the pseudogroup of local transformations of R generated by φ and g˜1. The
bounded open interval U = (a, b) meets all H-orbits because φ(R) = U, and let G denote
the restriction of H to U.
Now define a map g˜2 : R→ R by setting
g˜2(x) =
φ ◦ g˜1 ◦ φ
−1(x) if a < x < b,
x otherwise.
Such a g˜2 is a homeomorphism and satisfies the following properties:
• g˜2(x) = x for all x ∈ (−∞, a′] ∪ [b′,∞);
• g˜2(x) > x for all x ∈ (a′, b′); and
• φ ◦ g˜1(x) = g˜2 ◦ φ(x) for all x ∈ U.
We now prove that G is generated by the restrictions g˜1, g˜2 : U → U, which will be
denoted by g1, g2. It is enough to prove that the restriction φ : U → φ(U) is in the pseu-
dogroup G′ generated by g1, g2. Since g˜1(a′′) < b′′, the collection of sets Un = gn1(a′′, b′′),
n ∈ Z, is an open covering of U, and thus it suffices to prove that each restriction φ : Un →
φ(Un) is in G′. But φ is the identity on (a′′, b′′) = g−n1 (Un), yielding
g−n1 = φ ◦ g
−n
1 = g
−n
2 ◦ φ
on Un. So φ = gn2 ◦ g−n1 on Un, which belongs to G′, as desired.
Since dom gi ⊂ dom g˜i for i = 1, 2, it follows that E = {g1, g2, g−11 , g−12 } is a system of
compact generation of H on U. For the open subset V = (a′, b) ⊂ U, it will be shown that
(6.1) lim
x→a
dE(x,V ∩ G(x)) → ∞ .
Since V meets every G-orbit, it follows from Lemma 4.3 and (6.1) that E is not recurrent.
To prove (6.1), let
ν(x) = min{n ∈ N | gn1(x) ∈ V}
for each x ∈ U. Clearly,
x ∈ V ⇐⇒ ν(x) = 0 , x < y =⇒ ν(x) ≥ ν(y) , lim
x→a
ν(x) = ∞ .
Take any x ∈ U and some h ∈ G with
x ∈ dom h , h(x) ∈ V , |h|E,x = dE(x,V ∩ G(x)) .
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For n = |h|E,x, we have h = gεnin ◦· · ·◦g
ε1
i1 around x for some i1, . . . , in ∈ {1, 2} and ε1, . . . , εn ∈
{±1}. Let xk = gεkik ◦ · · · ◦ g
ε1
i1 (x) for every k = 1, . . . , n. Since xk < V for each k < n, either
xk+1 ≤ xk (yielding ν(xk+1) ≥ ν(xk)), or gεk+1ik+1 = g1 (yielding ν(xk+1) = ν(xk) − 1). Therefore
ν(x) ≤ n = dE(x,V ∩ G(x))
because ν(xn) = 0, and (6.1) follows.
Finally, let F be a recurrent symmetric system of compact generation of H on U. We
will show that no G-orbit with the metric dE is coarsely quasi-isometric to itself with the
metric dF . Suppose that this is not true for some G-orbit O. Since the open interval I =
(a, a′) meets every orbit and since g2 is the identity on I, there is some point x0 ∈ O ∩ I
such that the set
X = {g−m1 (x0) | m ∈ N} ⊂ O ∩ I
satisfies ∂EX = {x0}. Hence O is E-Fo¨lner; for instance, an E-Fo¨lner sequence for O is
given by the sets
S n = {g−m1 (x0) | 0 ≤ m ≤ n} .
Then O is also F-Fo¨lner by Theorem 5.1 since we are assuming that the metrics dE , dF on
O are coarsely quasi-isometric. So, by Theorem 5.3 and because F is recurrent, there is a
non-trivial non-negative G-invariant Borel measure µ on U of finite mass. Fix any t ∈ U,
and let In = (a, gn1(t)) for each n ∈ Z. Since µ is G-invariant and g(In) = In+1, all sets In
have the same µ-measure, which is finite since µ has finite mass. Then µ(In+1 \ In) = 0 for
all n, whence µ(U) = 0 because U = ⋃n(In+1 \ In). This is a contradiction because µ is
non-trivial and non-negative.
7. Quasi-local metric spaces
The concept of equicontinuity can be defined for pseudogroups of local transformations
of uniform spaces, but we are mainly concerned with the case of metric spaces in this
paper. Nevertheless, it is enough to consider only certain part of the local geometry of
metric spaces, which is extracted in the following definition. Moreover it is easier to work
with pseudogroups and their equivalences when all other geometric information is removed
from metric spaces.
Definition 7.1. Let {(Zi, di)}i∈I be a family of metric spaces such that {Zi}i∈I is a covering
of a set Z, each intersection Zi ∩ Z j is open in (Zi, di) and (Z j, d j), and for all ε > 0 there is
some δ(ε) > 0 so that the following property holds: for all i, j ∈ I and z ∈ Zi ∩ Z j, there is
some open neighborhood Ui, j,z of z in Zi ∩ Z j (with respect to the topology induced by di
and d j) such that
(7.1) di(x, y) < δ(ε) =⇒ d j(x, y) < ε
for all ε > 0 and all x, y ∈ Ui, j,z. Such a family will be called a cover of Z by quasi-locally
equal metric spaces. Two such families are called quasi-locally equal when their union
also is a cover of Z by quasi-locally equal metric spaces. This is an equivalence relation
whose equivalence classes are called quasi-local metrics on Z. For each quasi-local metric
Q on Z, the pair (Z,Q) is called a quasi-local metric space.
Any quasi-local metricQ on Z induces a uniformity so that, for any {(Zi, di)}i∈I ∈ Q, the
families
Ur =

⋃
i∈I, x∈Zi
Bi(x, r)
∣∣∣∣∣∣∣ x ∈ Z
 , r > 0 ,
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form a base of uniform covers, where Bi(x, r) denotes the open ball in (Zi, di) of center x
and radius r. The open balls of all metric spaces (Zi, di) form a base of the corresponding
topology on Z. Any topological concept or property of (Z,Q) refers to this underlying
topology. Any quasi-local metric space (Z,Q) is locally metrizable, and thus first countable
and completely regular. If (Z,Q) is Hausdorff and paracompact, then it is metrizable [25]
and normal [30, Theorem 20.10], and every point finite open cover of (Z,Q) is shrinkable
[30, Theorem 15.10]. Moreover (Z,Q) is a locally compact Polish space if and only if it
is Hausdorff, paracompact, separable and locally compact; this is the type of quasi-local
metric spaces that will be mainly considered in this paper.
Remark. A quasi-local metric is a “local structure” in the sense that it is determined by its
“restriction” to the sets of any open covering. This property is specially useful to deal with
pseudogroup equivalences, and is not satisfied by general uniformities. This is another
reason to consider quasi-local metric spaces instead of general uniform spaces.
If a quasi-local metric space (Z,Q) is paracompact, then there is some {(Zi, di)}i∈I ∈ Q
so that the covering {Zi}i∈I is locally finite. In this case, {(Zi, di)}i∈I satisfies the following
slightly stronger condition.
Lemma 7.2. Let (Z,Q) be a quasi-local metric space. If {Zi}i∈I is locally finite for some
{(Zi, di)}i∈I ∈ Q, then there is some open neighborhood Ux of each x ∈ Z and some assign-
ment ε 7→ δ(ε) such that (7.1) holds for all ε > 0, i, j ∈ I and y ∈ Ux ∩ Zi ∩ Z j.
Proof. With the notation of Definition 7.1, the set
Uz =
⋂
i, j∈I, z∈Zi∩Z j
Ui, j,z
is an open neighborhood of each z ∈ Z and satisfies the stated property. 
Example 7.3. Any metric d on a set Z induces a unique quasi-local metric Q on Z so
that {(Z, d)} ∈ Q. It will be shown in Section 14 that every Hausdorff paracompact quasi-
local metric space (Z,Q) is indeed induced by some metric d on Z (Theorem 15.1), but the
information of (Z, d) contained inQ is just what is relevant for our study of equicontinuous
pseudogroups.
Example 7.4. For each t > 0, consider the metric dt on R2 defined by
dt(x, y) =
√
t(x1 − y1)2 + (x2 − y2)2
for x = (x1, x2) and y = (y1, y2). Then, for T ⊂ R+, the family {(R2, dt) | t ∈ T } is a cover of
R
2 by quasi-locally equal metric spaces if and only if T is relatively compact in R+. Hence
there are no maximal covers by quasi-locally equal metric spaces in general.
8. Equicontinuous pseudogroups
This section develops the concept of equicontinuity for pseudogroups, as suggested by
E. Ghys in [17, Appendix E]. To motivate our definitions, consider a group G of home-
omorphisms of a space Z. On the one hand, some uniformity is needed on Z for the
usual definition of equicontinuity of G (see, e.g., A. Weil [29]). But, on the other hand,
equicontinuity of G does not imply that each map in G is uniformly continuous; i.e., these
homeomorphisms may not preserve the uniformity of Z. This gives a difficulty when try-
ing to generalize equicontinuity to pseudogroups in a way compatible with pseudogroup
equivalences. More precisely, let H,H′ be pseudogroups on spaces Z, Z′, andΦ : H → H′
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an equivalence. Suppose that H is equicontinuous in some reasonable way, which should
use some uniformity on Z. Then one has to use Φ to construct a uniformity on Z′ so that
H′ is equicontinuous too. The following is a standard way to do this kind of construction:
the uniformity of Z must be restricted to domains of homeomorphisms in Φ, which are
used to define uniformities on the sets of some open covering of Z′, and then these local
uniformities must be combined to yield a uniformity on the whole of Z′. Some conditions
must be satisfied to achieve such a combination. First, we need some type of uniformity
that is determined by its restriction to the sets of any open covering, which holds for quasi-
local metrics as indicated in the remark of Definition 7.1. Secondly, these uniformities on
open sets of Z′ must be compatible on the overlaps, which means that the local transfor-
mations of H must preserve the uniformity of Z; i.e., they must be uniformly continuous!
Therefore the type of equicontinuity needed for pseudogroups seems to be “equi-uniform
continuity;” i.e., the transformations of a pseudogroup are not only required to be “simul-
taneously” continuous at every point, but also required to be “simultaneously” uniformly
continuous. Moreover, surprisingly, there are some unsolved difficulties to show that rea-
sonable definitions of “equicontinuity at every point” and “equi-uniform continuity” are
equivalent for compactly generated pseudogroups. So we define equicontinuity for pseu-
dogroups by requiring that the “transformations with small domain” are “simultaneously”
uniformly continuous. Indeed, what may be understood as “transformations with small
domain” gives rise to two versions of equicontinuity. The first one is weaker and looks
more natural, but the second one fits our needs.
Definition 8.1. Let (Z,Q) be a quasi-local metric space. A pseudogroupH of local homeo-
morphisms of (Z,Q) is called weakly equicontinuous if, for some {(Zi, di)}i∈I ∈ Q and every
ε > 0, there is some δ(ε) > 0 so that the following property holds: for every h ∈ H, i, j ∈ I
and z ∈ Zi ∩ h−1(Z j ∩ im h), there is some neighborhood Uh,i, j,z of z in Zi ∩ h−1(Z j ∩ im h)
such that
(8.1) di(x, y) < δ(ε) =⇒ d j(h(x), h(y)) < ε
for all ε > 0 and x, y ∈ Uh,i, j,z.
A pseudogroup H acting on a space Z will be called weakly equicontinuous when it is
weakly equicontinuous with respect to some quasi-local metric inducing the topology of
Z.
Remarks. (i) Note that weak equicontinuity is a local property on (Z,Q) to a large extent;
the only global aspect is the assignment ε 7→ δ(ε), which is valid for all possible h, i, j, z.
(ii) The condition (7.1) of Definition 7.1 is the particular case of (8.1) for h equal to the
identity map on Z. So the whole structure of quasi-local metrics is needed to define weakly
equicontinuous pseudogroups.
(iii) The condition of weak equicontinuity given in Definition 8.1 can be described as
certain compatibility of H with Q: H is equicontinuous on (Z,Q) if and only if Q can be
realized as a combination of h∗(Q| im h) for h running through H, where the restrictions,
pull-backs and combinations of quasi-local metrics are defined in an obvious way (when
appropriate conditions are satisfied).
(iv) In Definition 8.1, the assignment ε 7→ δ(ε) depends on {(Zi, di)}i∈I ∈ Q, but this
definition is of course independent of the choice of {(Zi, di)}i∈I ∈ Q; i.e., any other choice
of {(Zi, di)}i∈I satisfies the definition with some other assignment ε 7→ δ(ε).
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The following result shows that weak equicontinuity is a property of equivalence classes
of pseudogroups. The definition was worded in precisely such way for this property to hold
true; in fact, this is rather evident by the above remarks (i) and (iii).
Lemma 8.2. Let H,H′ be equivalent pseudogroups. Then H is weakly equicontinuous if
and only if H′ is equicontinuous.
Proof. Let Z, Z′ be the acted on by H,H′. Assuming that H is weakly equicontinuous
with respect to some quasi-local metric Q inducing the topology of Z, we will show that
so is H′. Thus there is some {(Zi, di)}i∈I ∈ Q and some assignment ε 7→ δ(ε) such that,
for all h ∈ H and i, j ∈ I, the condition (8.1) holds on some neighborhood Uh,i, j,z of each
z ∈ Zi ∩ h−1(Z j ∩ im h).
Let Φ : H → H′ be a pseudogroup equivalence. There is an open covering {Z′a}a∈A of
Z′ such that, for each a ∈ A, there is some φa ∈ Φ0 and some ia ∈ I with Z′a ⊂ im φa and
domφa ⊂ Zia . Let d′a denote the restriction to Z′a of the metric on imφa that corresponds
via φa to the restriction of dia to domφa. For
h′ ∈ H′ , a, b ∈ A , z′ ∈ Z′a ∩ h′
−1(Z′b ∩ im h′) ,
let U ′h′ ,a,b,z′ = φa(Uh,ia,ib,z), where
h = φ−1b ◦ h
′ ◦ φa ∈ H , z = φ
−1
a (z′) ∈ Zia ∩ h−1(Zib ∩ im h) .
Now, given any ε > 0, suppose d′a(x′, y′) < δ(ε) for x′, y′ ∈ U ′h′,a,b,z′ . Then the
points x = φ−1a (x′) and y = φ−1a (y′) lie in Uh,ia,ib,z and satisfy dia (x, y) < δ, yielding
dib(h(x), h(y)) < ε by (8.1), and thus d′b(h′(x′), h′(y′)) < ε. Therefore (8.1) is satisfied
by H′, {(Z′a, d′a)}a∈A, the same assignment ε 7→ δ(ε), and the above choice of neighbor-
hoods U ′h′ ,a,b,z′ . It follows that {(Z′a, d′a)}a∈A is a cover of Z′ by quasi-locally equal metric
spaces (remark (ii) of Definition 8.1), and H′ is weakly equicontinuous with respect to the
corresponding quasi-local metric, which obviously induces the given topology of Z′. 
On paracompact spaces, the following slightly different description of weak equiconti-
nuity will be useful to understand the stronger version.
Lemma 8.3. Let H a pseudogroups acting on a paracompact quasi-local metric space
(Z,Q). Then H is weakly equicontinuous if and only if there is some {(Zi, di)}i∈I ∈ Q and
some symmetric subset S ⊂ H such that any germ of any map in H is the germ of some
map in S and, for every ε > 0, there is some δ(ε) > 0 so that (8.1) holds for all h ∈ S ,
i, j ∈ I and x, y ∈ Zi ∩ h−1(Z j ∩ im h).
Proof. The “only if” part follows because, with the notation of Lemma 7.2 and Defini-
tion 8.1, if
Uh,z = Uz ∩
⋂
i, j∈I, z∈Zi∩Z j
Uh,i, j,z
for h ∈ H, i, j ∈ I and z ∈ dom h, then (8.1) is satisfied by the family S of all possible
restrictions h : Uh,z → h(Uh,z).
Reciprocally, for all h, i, j, z as in Definition 8.1, take Uh,i, j,z equal to some open neigh-
borhood of z in Zi ∩ h−1(Z j ∩ im h) where h is equal some map in S . Then (8.1) obviously
holds for all x, y ∈ Uh,i, j,z. 
The stronger version of equicontinuity is defined by requiring that there is a set S as
in Lemma 8.3 that is also closed under compositions, which is some kind of a non-local
condition .
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Definition 8.4. Let H be a pseudogroup of local homeomorphisms of a quasi-local metric
space (Z,Q). Then H is called strongly equicontinuous if there exists some {(Zi, di)}i∈I ∈ Q
and some symmetric set S of generators of H that is closed under compositions such that,
for every ε > 0, there is some δ(ε) > 0 so that (8.1) holds for all h ∈ S , i, j ∈ I and
x, y ∈ Zi ∩ h−1(Z j ∩ im h).
A pseudogroup H acting on a space Z will be called strongly equicontinuous when it is
strongly equicontinuous with respect to some quasi-local metric inducing the topology of
Z.
Remarks. (i) A typical choice of S in Definition 8.4 is the set of all possible composites
of some symmetric set of generators. In fact, given any S satisfying the condition of strong
equicontinuity, it is obviously possible to find a symmetric set of generators E given by
restrictions of elements of S , and then the set of all composites of elements of E also
satisfies the condition of strong equicontinuity.
(ii) If h ∈ H satisfies (8.1) for all i, j ∈ I and x, y ∈ Zi ∩ h−1(Z j ∩ im h), then so does its
restriction to any open set. Hence S can be assumed to be also closed under restrictions
to open sets. Nevertheless, Definition 8.4 is not satisfactory with S = H because then the
basic test of Example 8.6 below is not satisfied (see Example 8.7).
(iii) The definition of strong equicontinuity is independent of the choice of {(Zi, di)}i∈I ∈ Q.
Hence it is possible to assume that {Zi}i∈I locally finite in Definition 8.4 when (Z,Q) is
paracompact.
Example 8.5. The pseudogroupH generated by the identity map on any quasi-local metric
space (Z,Q) is obviously weakly equicontinuous by the remark (ii) of Definition 8.1. If
(Z,Q) is paracompact, then H is also strongly equicontinuous by Lemma 7.2; in fact, the
definition of strong equicontinuity is satisfied with S equal to the family of the identity
maps on all finite intersections of the sets Uz given by Lemma 7.2.
Example 8.6. Recall that a group G of homeomorphisms of a metric space (Z, d) is
equicontinuous, or better “equi-uniformly continuous,” if for every ε > 0 there is some
δ(ε) > 0 such that
d(x, y) < δ(ε) =⇒ d(g(x), g(y)) < ε
for all g ∈ G and x, y ∈ Z. The pseudogroup H generated by such a G is strongly equicon-
tinuous because Definition 8.4 is satisfied with S = G and {(Zi, di)}i∈I = {(Z, d)}. Of course,
if (Z, d) is compact, G is “equicontinuous at every point” if and only if it is “equi-uniformly
continuous.”
Example 8.7. The group of translations on R is strongly equicontinuous with respect to
the euclidean metric, and thus generates a strongly equicontinuous pseudogroup H with
respect to the corresponding quasi-local metric. The following simple argument shows that
some proper subset S ⊂ H must be taken to verify the definition of strong equicontinuous.
Let {Zi}i∈I be any open covering of R, and di a metric on each Zi inducing its topology.
For any fixed index i, take real numbers a < b such that [a, b] ⊂ Zi. Let r > 0 so that
0 < r < b−a3 . Let
U = (a, a + r) ∪ (a + r, a + 2r) , V = (a, a + r) ∪ (b − r, b) ,
which are contained in Zi, and let h : U → V be the map in H defined by
h(x) =
x if a < x < a + r,x + b − a − 2r if a + r < x < a + 2r.
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The points
xn = a +
n − 1
n
r , yn = a +
n + 1
n
r
satisfy the following properties:
• xn, yn ∈ U;
• di(xn, yn) → 0 because xn, yn → a in Zi; and
• di(h(xn), h(yn)) > C for some C > 0 since h(xn) → a and h(yn) → b in Zi.
Then h does not satisfy (8.1) for any {(Zi, di)}i∈I as above.
Even though an apparently non-local condition was added to define strong equiconti-
nuity, the following result shows that this property is invariant by equivalences of pseu-
dogroups acting on locally compact Polish spaces.
Lemma 8.8. If H,H′ are equivalent pseudogroups acting on locally compact Polish
spaces. Then H is strongly equicontinuous if and only if H′ strongly equicontinuous.
Proof. Let Φ : H → H′ be a pseudogroup equivalence. Let Z, Z′ be the locally compact
Polish spaces acted on by H,H′. Assuming that H is strongly equicontinuous with respect
to some quasi-local metric Q inducing the topology of Z, we will show that so is H′. Thus
H satisfies the condition of strong equicontinuity for some {(Zi, di)}i∈I ∈ Q and some
symmetric set S of generators of H that is closed under compositions. By the remark (ii)
of Definition 8.4, we can assume that S is also closed under restrictions to open sets; so
every transformation of H is a combination of maps in S .
Claim 1. There is a subset Φ0 ⊂ Φ such that:
• For each φ ∈ Φ0, there is some i ∈ I so that domφ ⊂ Zi;
• Z′ =
⋃
φ∈Φ0 imφ; and
• φ−1 ◦ ψ ∈ S for all φ, ψ ∈ Φ0.
To prove Claim 1, first note that, since Z′ is a locally compact Polish space and Φ an
equivalence, there is a sequence φ1, φ2, . . . in Φ such that:
• The domain of each φn is contained in some Zi;
• Z′ =
⋃
n im φn;
• the domain of each φn is relatively compact in Z; and
• every φn is a restriction of some ˜φn ∈ Φ with domφn ⊂ dom ˜φn.
Then an increasing sequence of finite subsets Φ0,n ⊂ Φ is defined by induction on n so that
φ−1 ◦ ψ ∈ S for all φ, ψ ∈ Φ0,n and
imφ1 ∪ · · · ∪ im φn ⊂
⋃
φ∈Φ0,n
im φ .
Let Φ0,0 = ∅ to begin with, and assume that Φ0,n is defined for some n ≥ 0 and satisfies the
stated properties. To define Φ0,n+1, first set Φ′0,n = Φ0,n ∪
{
˜φn+1
}
. There is an open covering
Un+1 of dom ˜φn+1 such that the restriction of φ−1 ◦ ˜φn+1 to every U ∈ Un+1 is in S for all
φ ∈ Φ′0,n, which follows since Φ is an equivalence, Φ
′
0,n is finite and every map in H is a
combination of maps in S . Then the compact set domφn+1 is covered by a finite subfamily
U′
n+1 ⊂ Un+1, and letΦ0,n+1 be the union of Φ0,n and the set of restrictions of ˜φn+1 to all sets
of U′
n+1. We get by induction that φ
−1 ◦ψ ∈ S for all φ, ψ ∈ Φ0,n+1 because S is symmetric,
and
imφ1 ∪ · · · ∪ im φn+1 ⊂
⋃
φ∈Φ0,n
im φ ∪ im φn+1 ⊂
⋃
φ∈Φ0,n+1
im φ .
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Therefore Claim 1 follows with Φ0 =
⋃
n Φ0,n.
Now, let S ′ be the family of all possible composites φ ◦ h ◦ψ−1 for h ∈ S and φ, ψ ∈ Φ0,
which is symmetric and generates H′. Moreover the following argument shows that S ′ is
closed under compositions. Take arbitrary elements h′1, h′2 ∈ S ′; thus h′1 = φ1 ◦h1 ◦ψ−11 and
h′2 = φ2 ◦ h2 ◦ ψ−12 for h1, h2 ∈ S and φ1, ψ1, φ2, ψ2 ∈ Φ0. Since ψ−11 ◦ φ2 ∈ S by Claim 1, it
follows that h1 ◦ ψ−11 ◦ φ2 ◦ h2 ∈ S because S is closed under compositions. So
h′1 ◦ h′2 = φ1 ◦ h1 ◦ ψ−11 ◦ φ2 ◦ h2 ◦ ψ−12 ∈ S ′ .
According to Claim 1, take any open covering {Z′a}a∈A of Z′ such that, for each a ∈ A,
there is some φa ∈ Φ0 and some ia ∈ I with Z′a ⊂ imφa and domφa ⊂ Zia . Let d′a denote
the restriction to Z′a of the metric on imφa that corresponds via φa to the restriction of
dia to domφa. Choose an assignment ε 7→ δ(ε) > 0 so that S and {(Zi, di)}i∈I satisfy the
condition of strong equicontinuity. Let h′ be an arbitrary element of S ′, which is equal to
some composite φ ◦ h ◦ ψ−1 for h ∈ S and φ, ψ ∈ Φ0. Let a, b ∈ A and x′, y′ ∈ Z′a ∩ dom h′
with h′(x′), h′(y′) ∈ Z′b, and let g = φ−1b ◦ h′ ◦ φa. Since ψ−1 ◦ φa and φb ◦ φ−1 are in S by
Claim 1, it follows that
g = φ−1b ◦ φ ◦ h ◦ ψ
−1 ◦ φa ∈ S
because S is closed under compositions. The points x = φ−1a (x′) and y = φ−1a (y′) lie
in Zia ∩ dom g, and g(x), g(y) ∈ Zib . Moreover, if d′a(x′, y′) < δ(ε), then dia (x, y) <
δ(ε), yielding dib (g(x), g(y)) < ε by (8.1), and thus d′b(h′(x′), h′(y′)) < ε. It follows that
{(Z′a, d′a)}a∈A is a cover of Z′ by quasi-locally equal metric spaces (remark (ii) of Defini-
tion 8.1), and H′ satisfies the condition of strong equicontinuity with S ′ and {(Z′a, d′a)}a∈A.
Hence H′ is strongly equicontinuity with respect to the quasi-local metric Q′ represented
by {(Z′a, d′a)}a∈A, which obviously induces the given topology of Z′. 
Problem 1. Give mild conditions so that weak and strong equicontinuity are equivalent.
Problem 2. It is possible to give pseudogroup versions of weak and strong “equicontinu-
ity at every point” as in Definitions 8.1 and 8.4. Are they equivalent to our versions of
equicontinuity (in the uniform sense) for compactly generated pseudogroups?
For the purposes of this paper, the key property of strong equicontinuity is the following.
Proposition 8.9. Let H be a compactly generated and strongly equicontinuous pseu-
dogroup acting on a locally compact Polish quasi-local metric space (Z,Q), and let U
be any relatively compact open subset of (Z,Q) that meets every H-orbit. Suppose that
{(Zi, di)}i∈I ∈ Q satisfies the condition of Definition 8.4, E is any system of compact gener-
ation of H on U, and g¯ satisfies the condition of Definition 2.3 for each g ∈ E. Let {Z′i }i∈I
be any shrinking of {Zi}i∈I . Then there is a finite family V of open subsets of (Z,Q) whose
union contains U and such that, for any V ∈ V, x ∈ U ∩ V, and h ∈ H with x ∈ dom h and
h(x) ∈ U, the domain of ˜h = g¯n ◦ · · · ◦ g¯1 contains V for any expression h = gn ◦ · · · ◦ g1
around x with g1, . . . , gn ∈ E, and moreover V ⊂ Z′i0 and ˜h(V) ⊂ Z′i1 for some i0, i1 ∈ I.
Proof. We can assume that {Zi}i∈I is locally finite. Let S be a symmetric set of generators
of H that is closed under compositions and restrictions to open subsets so that the condition
of strong equicontinuity is satisfied by S and {(Zi, di)}i∈I (Definition 8.4).
Observe that any system E of compact generation of H on U satisfies the statement of
this result if so does some other system of compact generation of H on U whose elements
are restrictions of elements of E. Therefore it can be assumed that, for all g1, g2 ∈ E, we
have
(8.2) dom g1 ∩ im g2 , ∅ =⇒ dom g¯1 ∪ im g¯2 ⊂ Z′i
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for some i, j ∈ I; in particular, since E is symmetric, for each g ∈ E there exists some
i, j ∈ I such that
(8.3) dom g¯ ⊂ Z′i , im g¯ ⊂ Z′j .
By the same reason, we can also suppose that g¯ ∈ S for all g ∈ E.
Since U is relatively compact and {Zi}i∈I is locally finite, U meets only a finite number
of the sets Zi. Thus there exists ε > 0 such that
(8.4) Z′i ∩ dom g , ∅ =⇒ di
(
Z′i ∩ dom g, Zi \ dom g¯
)
> ε ,
for all i ∈ I and all g ∈ E, because Z′i ∩ dom g is a relatively compact subset of Zi. Let
δ = δ(ε) > 0 satisfy the condition of strong equicontinuity for such an ε; it is no restriction
to assume that δ < ε.
Let V be a finite family of open subsets of Z whose union contains U and such that
each V ∈ V is contained in some Z′i and has di-diameter smaller than δ. Fix any V ∈ V,
x ∈ U ∩ V and h ∈ H with x ∈ dom h and h(x) ∈ U. Since E generates the restriction of H
to U, there exist g1, . . . , gn ∈ E so that h = gn ◦ · · · ◦ g1 in some neighborhood of x, and let
˜h = g¯n ◦ · · · ◦ g¯1. If V ⊂ dom ˜h, then V ⊂ Z′i0 and ˜h(V) ⊂ Z′i1 for some i0, i1 ∈ I by (8.3). So
it only remains to show that V ⊂ dom ˜h, which will be done by induction on n.
The result is true for n = 1. Indeed, V ⊂ Z′i for some i, and di(x, y) < δ < ε for all y ∈ V .
Thus V ⊂ dom g¯1 by (8.4).
For n > 1, let f = gn−1 ◦ · · · ◦ g1, which is defined in some neighborhood of x. By the
induction hypothesis, the domain of ˜f = g¯n−1 ◦ · · · ◦ g¯1 contains V . Then
dom gn ∩ im gn−1 , ∅ ,
and thus
dom g¯n ∪ im g¯n−1 ⊂ Z′j
for some j ∈ I by (8.2). In particular,
im ˜f ⊂ im g¯n−1 ⊂ Z′j ,
yielding d j
(
˜f (x), ˜f (y)
)
< ε for all y ∈ V by strong equicontinuity since di(x, y) < δ and
˜f ∈ S . Therefore ˜f (y) ∈ dom g¯n by (8.4) because ˜f (x) = f (x) ∈ Z′j ∩ dom gn; i.e., the
domain of ˜h = g¯n ◦ ˜f contains V as desired. 
Remarks. (i) With the notation of Proposition 8.9, given any symmetric set S of generators
of H that is closed under compositions, we can choose E with the extensions g¯ in S . So S
contains all maps ˜h of the statement of Proposition 8.9.
(ii) Note that, with the conditions of Proposition 8.9, the pseudogroup H is complete as
defined by Haefliger in [9].
It makes sense to consider the generalization to complete strongly equicontinuous pseu-
dogroups of known results for complete pseudogroups of local isometries of Riemannian
manifolds [8], [9]. But, for simplicity, only compactly generated strongly equicontinuous
pseudogroups will be considered in this paper.
9. Quasi-effective pseudogroups
Recall the following property that is invariant by equivalences of pseudogroups; it is
interesting for our results on strongly equicontinuous pseudogroups.
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Definition 9.1 (Haefliger [8]). A pseudogroup H of local transformations of a space Z
is called quasi-analytic when the following holds for every h ∈ H: if x ∈ dom h and
h is the identity on some open set whose closure contains x, then h is the identity on a
neighborhood of x.
Example 9.2. Pseudogroups of local isometries of Riemannian manifolds are quasi-analytic
because every such local isometry with connected domain is determined by its differential
at any point.
Example 9.3. Let Z be the compact subspace of R3 that is the union of a horizontal 2-
dimensional euclidean disk centered at the origin with a compact segment of the vertical
axis containing the origin. Consider the quasi-local metric on Z induced by the restriction
of the euclidean metric of R3. The space Z is invariant by rotations around the vertical axis.
The pseudogroup H generated by any such non-trivial rotation is strongly equicontinuous
but not quasi-analytic.
If H is a quasi-analytic pseudogroup on a space Z, then every h ∈ H with connected
domain is the identity on dom h if it is the identity on some non-trivial open set. Because
of this, quasi-analyticity is interesting for our purposes when Z is locally connected, which
is a very strong condition. To remove it, a slightly different property is defined inspired by
the terminology of group actions.
Definition 9.4. A pseudogroupH of local transformations of a space Z is said to be quasi-
effective if it is generated by some symmetric set S that is closed under compositions, and
such that any transformation in S is the identity on its domain if it is the identity on some
non-empty open subset of its domain.
Remarks. (i) In Definition 9.4, the family S can be assumed to be also closed under re-
strictions to open sets. So every map in H is a combination of maps in S in this case.
(ii) If the pseudogroup H is strongly equicontinuous and quasi-effective, then H is gener-
ated by a symmetric subset S that is closed under compositions and satisfies the conditions
of both Definitions 8.4 and 9.4.
The following result can be proved with arguments similar to those in the proof of
Lemma 8.8.
Lemma 9.5. If H,H′ are equivalent pseudogroups acting on locally compact Polish
spaces Z, Z′, then H is quasi-effective if and only if so is H′.
Lemma 9.6. Any quasi-effective pseudogroup is quasi-analytic.
Proof. Let H be a quasi-effective pseudogroup of local transformations of a space Z. So
H satisfies the condition of Definition 9.4 with some symmetric set S that generates H and
is closed under compositions and restrictions to open sets (remark (i) of Definition 9.4).
Then H is obviously quasi-analytic because any h ∈ H is a combination of elements of
S . 
Example 9.7. Let rn, sn be two sequences of real numbers satisfying 0 < rn < sn and
rn, sn ↓ 0. For each n ∈ Z+, let Un denote the (multiplicative) group of nth roots of 1 in
C, and fix a generator αn of each Un. Then let Z be the compact subspace of R × C that is
the union of the origin and the subspaces {sn} × rnUn, n ∈ Z+. Let H be the pseudogroup
on Z generated by the homeomorphism h : Z → Z that fixes the origin and satisfies
h(sn, z) = (sn, αnz) for any z ∈ rnUn and n ∈ Z+. Note that h is an isometry with respect to
the restriction of the metric on R×C induced by the norm defined by ‖(t, z)‖ = max{|t|, |z|}.
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So H is strongly equicontinuous with respect to the corresponding quasi-local metric on Z.
Moreover H is quasi-analytic because, on the one hand, the origin is the only non-isolated
point of Z and, on the other hand, if some power hm is the identity on some open set whose
closure contains the origin, then m = 0. But H is not quasi-effective, as follows easily by
using that, for any neighborhood U of the origin in Z, there is some m ∈ Z+ such that hm
fixes some point in U different from the origin, which is an open subset.
The above example shows that being quasi-effective is a strictly stronger property than
quasi-analyticity, even for equicontinuous pseudogroups. Nevertheless, the following re-
sult shows that both properties are equivalent when quasi-analyticity fits our needs.
Lemma 9.8. Let H be a compactly generated strongly equicontinuous pseudogroup on a
locally connected and locally compact Polish space Z. Then H is quasi-effective if and
only if it is quasi-analytic.
Proof. The “only if” part was shown in Lemma 9.6.
Now assume that H is quasi-analytic. Let U be any relatively compact open subset of
Z that meets every H-orbit, and let G denote the restriction of H to U. By Lemma 9.5, it
is enough to show that G is quasi-effective. Let E be any system of compact generation of
H on U, and let g¯ be an extension of each g ∈ E satisfying the condition of Definition 2.3.
Take a family V of open subsets of Z satisfying the statement of Proposition 8.9 for the
above U, E and extensions g¯. Since Z is locally connected, we can assume that all sets in
V are connected. Let S be the set of maps h ∈ G such that:
• h is a restriction of some composite of elements of E; and
• the domain and range of h are contained in elements of V.
Such an S generates G, is symmetric, and is closed under compositions and restrictions to
open sets. Suppose that some h ∈ S is the identity on some non-trivial open subset of its
domain. We have
h = gn ◦ · · · ◦ g1 : O → P ,
where g1, . . . , gn ∈ E and O, P are open subsets of U that are contained in elements of V;
say O ⊂ V ∈ V. Then the domain of ˜h = g¯n ◦ · · · ◦ g¯1 contains V by Proposition 8.9. Since
h is the identity on some non-trivial open subset of O, the germ of ˜h at some point of V is
equal to the germ of the identity. So ˜h is the identity on V because H is quasi-analytic and
V is connected. Thus h is the identity on O and the result follows. 
The following result combines strong equicontinuity and quasi-effectiveness.
Proposition 9.9. Let H be a compactly generated, strongly equicontinuous and quasi-
effective pseudogroup of local homeomorphisms of a locally compact Polish space Z. Sup-
pose that the conditions of strong equicontinuity and quasi-effectiveness are satisfied with
a symmetric set S of generators of H that is closed under compositions (Definitions 8.4
and 9.4). Let A, B be open subsets of Z such that A is compact and contained in B. If x and
y are close enough points in Z, then
f (x) ∈ A =⇒ f (y) ∈ B
for all f ∈ S whose domain contains x and y.
Proof. Suppose that the condition of strong equicontinuity is satisfied with S , some quasi-
local metricQ, some {(Zi, di)}i∈I ∈ Q such that {Zi}i∈I is locally finite, and some assignment
ε 7→ δ(ε). Let {Z′i }i∈I be a shrinking of the open covering {Zi}i∈I . Since A is relatively
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compact and {Zi}i∈I locally finite, A only meets finitely many of the sets Zi. Thus, because
each Z′i ∩ A is relatively compact in Zi, there exists some ε > 0 such that
(9.1) Z′i ∩ A , ∅ , Zi \ B =⇒ di(Z′i ∩ A, Zi \ B) > ε
for all i ∈ I.
Fix x, y ∈ Z. Since H is compactly generated, A and x are contained in some relatively
compact open U that meets all orbits. Let V be a finite family of open sets that covers
U and satisfies the conditions of Proposition 8.9. If x and y are close enough, then both
of these points lie in some set V ∈ V. Furthermore V ⊂ Zi for some i ∈ I, and we have
di(x, y) < δ(ε) if x and y are close enough.
Now take any f ∈ S with x, y ∈ dom f and f (x) ∈ A. According to Proposition 8.9,
there is some f ′ ∈ S whose domain contains V and so that f , f ′ have the same germ at x;
furthermore there is some j ∈ I such that f ′(V) ⊂ Z j. In particular, f (x) = f ′(x) ∈ Z j.
Since y ∈ dom f ∩ dom f ′, we also get f (y) = f ′(y) ∈ Z j by quasi-effectiveness. Therefore
d j( f (x), f (y)) < ε by strong equicontinuity, and the result follows from (9.1). 
10. Coarse quasi-isometry type of orbits with trivial groups of germs
To compare different orbits of pseudogroups, some connection between them is needed;
so the following terminology will be used. A pseudogroup H acting on a space Z is called
transitive when some orbit is dense in Z, and it is called minimal if every orbit is dense.
A non-trivial subset Y ⊂ Z is called minimal if it is closed, H-invariant, and every orbit
in Y is dense in Y; equivalently, if Y is a minimal element of the family of all non-trivial
H-invariant closed subsets of Z.
Theorem 10.1. Let H be a compactly generated, strongly equicontinuous and quasi-
effective pseudogroup of local transformations of a locally compact Polish space Z. As-
sume the space of orbits Z/H is connected (for example, if H is transitive). Let G denote
the restriction of H to some relatively compact open subset U ⊂ Z that meets every orbit.
Then, with respect to any recurrent system of compact generation of H on U, all G-orbits
with trivial group of germs are uniformly coarsely quasi-isometric to each other.
Proof. Let E be a recurrent system of compact generation of H on U, and for each g ∈ E
let g¯ denote its extension satisfying the conditions of Definition 2.3. According to Corol-
lary 4.5 and Theorem 4.6, it may be assumed that E = {g¯ | g ∈ E} is also a recurrent system
of compact generation on some relatively compact open subset U ′ ⊂ Z with U ⊂ U ′. Let
G′ denote the restriction of H to U ′. By considering restrictions of elements of E to open
subsets of their domains, we can assume that E ⊂ S for some subset S ⊂ H satisfying the
conditions of Definition 9.4. Take a family V of open subsets of Z satisfying the statement
of Proposition 8.9 for the above U, E and extensions g¯.
Since Z is a Polish space, the union of orbits with trivial group of germs is a dense
subset of Z. Hence, because Z/H is connected, it is enough to establish coarse quasi-
isometries between the G-orbits of points x, y ∈ U that are close enough to each other
and have trivial group of germs; moreover the corresponding coarse distortions must be
independent of x and y. Thus it can be assumed that x and y are in the same element
V ∈ V. Consider the map φx,y : G(x) → G′(y) given by h(x) 7→ ˜h(y), where h ∈ G, ˜h ∈ S ,
x ∈ dom h, V ⊂ dom ˜h, and both h, ˜h have the same germ at x. Here, the germ of h at x is
determined by the value h(x) because the group of germs at x is trivial. There exists such
an ˜h for any h by Proposition 8.9 and since E ⊂ S . Moreover ˜h is unique on V because H
satisfies the condition of Definition 9.4 with S . Note also that φx,y takes values in G′(y) by
Proposition 8.9. Therefore φx,y is well defined.
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Claim 2. φx,y : G(x) → G′(y) is injective.
To prove this claim, take f1, f2 ∈ S whose domains contain V . So φx,y( f1(x)) = f1(y)
and φx,y( f2(x)) = f2(y). If f1(y) = f2(y), then f1, f2 have the same germ at y because the
group of germs of H at y is trivial. It follows that f1 = f2 on V because both of these maps
are in S and their domains contain V . Hence h1(x) = h2(y) as desired.
Claim 3. We have
dE(φx,y(z1), φx,y(z2)) ≤ dE(z1, z2)
for all z1, z2 ∈ G(x).
We now show this assertion. We have z1 = f1(x), z2 = f2(x), φx,y(z1) = f1(y) and
φx,y(z2) = f2(y) for some f1, f2 ∈ S whose domains contain V . Suppose dE(z1, z2) = k ≥ 0
in the orbit G(x). This means that there is a minimal decomposition h2 ◦ h−11 = gk ◦ · · · ◦ g1
about z1 with g1, . . . , gk ∈ E. Hence f2◦ f −11 and g¯k◦· · ·◦g¯1 are equal on f1(V) because both
of these maps are in S and their domains contain f1(V). This yields dE ( f1(y), f2(y)) ≤ k in
G′(y), which finishes the proof of Claim 3.
Let A be an open subset of Z intersecting every H-orbit and such that A ⊂ U.
Claim 4. There is some C > 0, independent of x, y, such that
dE(z1, z2) ≤ C dE
(
φx,y(z1), φx,y(z2)
)
for all z1, z2 ∈ G(x) ∩ A.
To prove this estimate, take any z1, z2 ∈ G(x). Again, there are f1, f2 ∈ S , whose
domains contain V , such that z1 = f1(x), z2 = f2(x), φx,y(z1) = f1(y) and φx,y(z2) = f2(y).
Suppose dE( f1(y), f2(y)) = k. Then there is a decomposition f2 ◦ f −11 = g¯k ◦ · · · ◦ g¯1 around
f1(y) for some g1, . . . , gk ∈ E. So f2 ◦ f −11 = g¯k ◦ · · · ◦ g¯1 on f1(V) because both of these
maps are in S and their domains contain f1(V). It follows that dE(z1, z2) ≤ k. Hence
dE(z1, z2) ≤ Ck for some C > 0 independent of x and y by Lemma 4.7 since z1, z2 ∈ A and
E, E are recurrent systems of compact generation on U,U ′.
Claim 5. If x, y are close enough, then G′(y) ∩ A ⊂ φx,y(G(x)).
By Proposition 9.9, if x, y are close enough in V , then
(10.1) f (y) ∈ A =⇒ f (x) ∈ U
for all f ∈ S whose domain contains V . Then G′(y) ∩ A = G(y) ∩ A and thus every
point in G′(y) ∩ A can be written as f (y), for some f ∈ G whose domain contains y. By
Proposition 8.9, there exists ˜f ∈ H whose domain contains V , and such that f and ˜f have
the same germ at y. By (10.1), from ˜f (y) = f (y) ∈ A, it follows that ˜f (x) ∈ U. Thus the
restriction h of ˜f to some neighborhood of x is in G, and so
f (y) = ˜f (y) = φx,y(h(x)) ∈ φx,y(G(x)) ,
which shows Claim 5.
Since E is recurrent, Lemma 4.3 implies that there exist R,R′ > 0 such that every dE-
ball of radius R in any G-orbit meets A, as well as every dE-ball of radius R′ in any G′-orbit.
Therefore φx,y(G(x) ∩ A) is an (R + R′)-net in
(
G′(y), dE
)
by Claims 3 and 5. Moreover
φx,y : (G(x) ∩ A, dE) →
(
φx,y(G(x) ∩ A), dE
)
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is a bi-Lipschitz map whose distortion is independent of x, y by Claims 2, 3 and 4. Hence
(G(x), dE) is coarsely quasi-isometric to
(
G′(y), dE
)
, where the coarse distortions are inde-
pendent of the choices of x, y. The result now follows from Theorem 4.6 since E and E are
recurrent systems of compact generation of H on U,U ′. 
Example 10.2. In the pseudogroupH on Z of Example 9.3, all orbits have trivial groups of
germs, except the origin. Moreover Z is locally compact and locally connected, and Z/H is
connected because so is Z. But, if H is generated by an irrational rotation, the statement of
Theorem 10.1 does not hold because H is not quasi-analytic. Indeed, there are two coarse
quasi-isometry types of orbits with trivial group of germs: the orbits of the points in the
vertical segment are trivial, and all other orbits are quasi-isometric to the integers.
An action of a group Γ on a space will be called quasi-effective when it generates a
quasi-effective pseudogroup. A quasi-effective action may not be effective, as shown by
the following example.
Example 10.3. Let Z be a finite discrete space with more than two elements, and let Γ be
the group of all permutations of Z. Then the canonical action of Γ on Z is not effective
but it is quasi-effective: the condition of Definition 9.4 is satisfied with the set S of maps
{x} → {y} with x, y ∈ Z.
Corollary 10.4. Let Γ be a finitely generated group acting quasi-effectively and equicon-
tinuously on a compact separable metric space Z with connected space of orbits (for ex-
ample, if some orbit is dense). Then all orbits with trivial group of germs are uniformly
coarsely quasi-isometric to each other.
11. Minimality of the orbit closures
For compactly generated pseudogroups of local isometries of a Riemannian manifold,
the closures of the orbits are manifolds, and the restriction of the pseudogroup to each orbit
closure is a minimal pseudogroup [17, Appendix D]—this is just a pseudogroup version of
Molino’s theory for Riemannian foliations. In the more general situation considered here,
at least the minimality of the orbit closures holds true.
Theorem 11.1. Let H be a compactly generated strongly equicontinuous pseudogroup of
local transformations of a locally compact Polish space Z. Then the closure of each orbit
is a minimal set. In particular, such a pseudogroup is minimal if it is transitive.
Proof. It is required to show that if the orbit of a point x ∈ Z approaches another point y,
then the orbit of y also approaches x. If U is a relatively compact open subset of Z that
meets every H-orbit, then it can be assumed that x, y ∈ U.
Let V be a finite family of open subsets of Z whose union covers U as in Proposition 8.9.
Let V,W ∈ V be such that x ∈ V and y ∈ W. If hn ∈ H is a sequence such that hn(x) → y,
then it can be assumed that dom hn = V and hn(x) ∈ W for all n. Moreover, there are maps
fn ∈ H with dom fn = W, and such that fn and h−1n have the same germ at hn(x) for all
n. Strong equicontinuity of H then implies that fn(y) → x as follows. Suppose that the
condition of strong equicontinuity of H is satisfied for a locally finite covering {(Zi, di)}i∈I
of Z by quasi-locally equal metric spaces, some symmetric set S of generators of H that
is closed under compositions, and some assignment ε 7→ δ(ε) (Definition 8.4). It may be
assumed that V ⊂ Zi and W ⊂ Z j for some i, j ∈ I, and that hn, fn ∈ S for all n. Given
ε > 0, there exists an integer N > 0 such that d j(hn(x), y) < δ(ε) for all n ≥ N. Hence
di(x, fn(y)) = di( fn ◦ hn(x), fn(y)) < ε
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for all n ≥ N by strong equicontinuity. 
Corollary 11.2. Let H be a compactly generated and strongly equicontinuous pseudogroup
of local transformations of a locally compact Polish space Z. Then the orbit closures of H
define a partition of Z.
12. The closure of a strongly equicontinuous pseudogroup
In the study of pseudogroups of local isometries of Riemannian manifolds, an important
role is played by the closure of such a pseudogroup [9]. It is defined by using the space
of 1-jets, which is not available in our more general setting. But the closure of our type
of pseudogroups can be also defined by using the compact-open topology on the spaces of
local transformations defined on small enough open subsets.
As usual, for spaces Y, Z, let C(Y, Z) denote the set of continuous maps Y → Z, which
will be denoted by Cc-o(Y, Z) when it is endowed with the compact-open topology. For open
subspaces O, P of a space Z, the space Cc-o(O, P) will be considered as an open subspace
of Cc-o(O, Z) in the canonical way.
Theorem 12.1. Let H be a quasi-effective, compactly generated and strongly equicontin-
uous pseudogroup of local transformations of a locally compact Polish space Z. Let S be
a symmetric set of generators of H that is closed under compositions and restrictions to
open subsets, and satisfies the conditions of strong equicontinuity and quasi-effectiveness
(Definitions 8.4 and 9.4). Let H˜ be the set of maps h between open subsets of Z that satisfy
the following property: for every x ∈ dom h, there exists a neighborhood Ox of x in dom h
so that h|Ox is in the closure of C(Ox, Z) ∩ S in Cc-o(Ox, Z). Then:
• H˜ is closed under composition, combination and restriction to open sets;
• every map in H˜ is a homeomorphism around every point of its domain;
• the maps of H˜ that are homeomorphisms form a pseudogroup H that contains H;
• H is strongly equicontinuous;
• the orbits of H are equal to the closures of the orbits of H; and
• H˜ and H are independent of the choice of S .
Proof. The family H˜ is obviously closed under combination of maps and restrictions to
open sets. Moreover H˜ is closed under composition of maps because Z is locally compact
Hausdorff (see e.g. [19, p. 289, Exercise 4]).
Given any relatively compact open subset U that meets all H-orbits, by Proposition 8.9,
its remark (i) and Proposition 9.9, there is some finite family V of open subsets of Z and
another relatively compact open set U0 such that:
• U is covered by the family V;
• any germ of any map in the restriction of H to U is a germ of some map in S
whose domain belongs to V; and
• f (V) ⊂ U0 for any V ∈ V and f ∈ S with V ⊂ dom f and f (V) ∩ U , ∅. In
particular, any V ∈ V is contained in U0.
For any map h : V → W in H˜ and any x ∈ V , we will show that there is some
neighborhood O of x in V such that the restriction h : O → h(O) is a homeomorphism
whose inverse is also in H˜. It can be assumed that there are some U, U0 and V as above
so that V,W ∈ V. Furthermore we can suppose that h is the limit in Cc-o(V, Z) of some
sequence of maps hn ∈ C(V, Z) ∩ S . Take any open neighborhood V ′ of x with V ′ ⊂ V .
Since V ′ is compact, it follows that hn
(
V ′
)
⊂ W for n large enough.
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The germ of each h−1n at hn(x) is equal to the germ of some fn ∈ S whose domain is W.
By quasi-effectiveness, each fn is equal to h−1n on hn(V)∩W, which contains hn(V ′). Hence
V ′ ⊂ im fn, and f −1n is equal to hn on V ′.
By strong equicontinuity, the set C(W,U0)∩ S is equicontinuous in the usual sense. So,
by the Ascoli theorem and the compactness of U0, we can assume that fn is convergent to
some map f in Cc-o(W, Z), which is in H˜.
We have that hn(x) → y = h(x), yielding fn(y) → x by strong equicontinuity as in the
proof of Theorem 11.1. Therefore f (y) = x ∈ V ′, and there is some open neighborhood
W′ of y with W′ ⊂ W and f
(
W′
)
⊂ V ′. Since W′ is compact, we get fn
(
W′
)
⊂ V ′ for n
large enough. So f −1n is equal to hn on fn(W′), yielding that the composite hn ◦ fn is the
identity on W′ for n large enough. It follows that h ◦ f is the identity on W′ because Z is
locally compact Hausdorff. Similarly, for any open neighborhood O of x with O ⊂ V ′ and
h
(
O
)
⊂ W′, we get that f ◦ h is the identity on O. So h : O → h(O) is a homeomorphism
whose inverse is f : h(O) → O, which is in H˜ as desired.
Now, from what was proved for H˜, it follows directly that H is a pseudogroup. More-
over H contains H because H˜ contains S by definition.
We now show that H is strongly equicontinuous. Suppose that H satisfies the condition
of strong equicontinuity (Definition 8.4) with the above S , some quasi-local metric Q,
some {(Zi, di)}i∈I ∈ Q with {Zi}i∈I locally finite, and some assignment ε 7→ δ(ε). Let S
be the set of homeomorphisms that are in the union of the closures of C(O, Z) ∩ S in
Cc-o(O, Z) with O running on the open sets of Z. By definition, every element of H is
a combination of maps in S . Since S is closed under restrictions to open sets, it easily
follows that so is S . The set S is also closed under compositions because so is S and Z is
locally compact Hausdorff. Moreover S is symmetric since it is closed under restrictions
to open sets and because H is a pseudogroup whose elements are combinations of maps in
S . A typical “ε/3-argument” will show that H satisfies the strong equicontinuity condition
with S and the above family {(Zi, di)}i∈I . Take any h : O → P in S , i, j ∈ I and x, y ∈
Zi ∩ h−1(Z j ∩ im h). Suppose that di(x, y) < δ(ε/3) for some ε > 0. Such an h is the limit of
some sequence of maps hn ∈ C(O, Z)∩S in Cc-o(O, Z). On the one hand, since the compact-
open topology is equal to the topology of uniform convergence on compact sets, it follows
that d j(hn(x), h(x)) < ε/3 and d j(hn(x), h(x)) < ε/3 for n large enough. On the other hand,
we have d j(hn(x), hn(y)) < ε/3 for all n since hn ∈ S . Therefore d j(h(x), h(y)) < ε as
desired by the triangle inequality.
We now show that the orbits of H are equal to the orbit closures of H. Given two points
x, y in the same orbit closure of H, it has to be shown that x, y are in the same orbit of H.
There is a sequence hn ∈ H with hn(x) → y. It can be assumed that x, y ∈ U for some
relatively compact open set U that meets all H-orbits. As above, by Proposition 8.9, its
remark (i) and Proposition 9.9, we can suppose that hn ∈ S , dom hn = V and hn(V) ⊂ U0
for some fixed open set V and some relatively compact open set U0. Thus hn is a sequence
in C(V,U0)∩S , which is an equicontinuous family of maps. Therefore we can assume that
hn is convergent in Cc-o(V, Z) by the Ascoli theorem, and let h be its limit. Then h(x) = y
and h ∈ H˜ by definition. Thus x, y are in the same orbit of H because the restriction of h
to some open neighborhood of x is in H.
Finally H is independent of the choice of S because it is the pseudogroup generated by
the local transformations of Z lying in the union of closures of C(O, Z) ∩H in Cc-o(O, Z)
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with O running on the open sets of Z. Obviously, H is independent of S if and only if H˜
is also. 
Definition 12.2. Let H be a quasi-effective, compactly generated and strongly equicontin-
uous pseudogroup of local transformations of a locally compact Polish space Z. With the
notation of Theorem 12.1, the pseudogroup H is called the closure of H.
As a direct consequence of Theorem 12.1, in the present general setting, the orbit clo-
sures satisfy the following property of manifolds.
Definition 12.3. A topological space is homogeneous if the pseudogroup of all local home-
omorphisms has exactly one orbit.
Corollary 12.4. Let H be a quasi-effective, compactly generated and strongly equicontin-
uous pseudogroup of local transformations of a locally compact Polish space Z. Then the
closure of each orbit is homogeneous.
13. Local metric spaces
Pseudogroups of local isometries make sense on metric spaces but, with more general-
ity, this type of pseudogroup can be defined on local metric spaces, which are introduced
as follows.
Definition 13.1. Two metrics on the same set are said to be locally equal when they induce
the same topology and each point has a neighborhood where both metrics are equal. Let
{(Zi, di)}i∈I be a family of metric spaces such that {Zi}i∈I is a covering of a set Z, each
intersection Zi ∩ Z j is open in (Zi, di) and (Z j, d j), and the metrics di, d j are locally equal
on Zi ∩ Z j whenever this is a non-empty set. Such a family will be called a cover of Z by
locally equal metric spaces. Two such families are called locally equal when their union
also is a cover of Z by locally equal metric spaces. This is an equivalence relation whose
equivalence classes are called local metrics on Z. For each local metric D on Z, the pair
(Z,D) is called a local metric space.
Remarks. (i) Observe the analogy between the definitions of local metrics and quasi-local
metrics: for every local metric D, there is a unique quasi-local metric Q so that D ⊂ Q.
In particular, all topological properties of quasi-local metric spaces hold for local metric
spaces.
(ii) In contrast with quasi-local metrics, local metrics can be also characterized as maximal
covers of Z by locally equal metric spaces; there always exist such maximal families.
(iii) The concept of local metric has the following sheaf theoretic description, which shows
its naturality. Suppose that the set Z is endowed with a topology a priori, even though this
topology will be later determined by the local metric. Then, for each open subset U ⊂ Z, let
M(U) denote the set of all metrics on U that induce its topology. Such an M is a presheaf
on Z with the usual restriction of metrics, and a local metric on Z is just a global section of
the sheaf M˜ determined by M. By Example 13.2 below, the presheaf M is a sheaf only in
the uninteresting case where the only metrizable open sets contain just one point.
Example 13.2. If Z is metrizable and contains at least two points x, y, then there are in-
finitely many metrics that are locally equal to any given metric d inducing the topology of
Z; for instance, all the metrics dr, 0 < r < d(x, y), given by dr(z, z′) = min{d(z, z′), r} for
z, z′ ∈ U.
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Example 13.3. Let B be any open disc in R2, Z = R2 \ B. Let d denote the restriction of
the euclidean distance of R2 to Z, and d′ the distance map on Z induced by the restriction
of the Riemannian metric of R2. Also, let [x, y] denote the segment that joins each pair of
points x, y ∈ Z. We have d(x, y) = d′(x, y) if [x, y]∩ B = ∅, and d(x, y) < d′(x, y) otherwise.
So both metrics d, d′ are locally equal, and thus define the same local metric space (Z,D).
The proof of the following result is analogous to the proof of Lemma 7.2.
Lemma 13.4. Let (Z,D) be a local metric space. If {Zi}i∈I is locally finite for some
{(Zi, di)}i∈I ∈ D, then there is some open neighborhood Uz of each z ∈ Z such that the
metrics di, d j are equal on Uz ∩ Zi ∩ Z j for all i, j ∈ I.
Each metric d on a set Z induces a unique local metric D so that {(Z, d)} ∈ D. The
following shows that the reciprocal holds when (Z,D) is Hausdorff and paracompact.
Theorem 13.5. A local metric space (Z,D) is induced by some metric on Z if and only if
(Z,D) is Hausdorff and paracompact.
Proof. The “only if” part holds by the Stone theorem (see e.g. [30, Theorem 20.9]). Now
suppose that (Z,D) is Hausdorff and paracompact.
Claim 6. There is some {(Ua, Da)}a∈A ∈ D such that {Ua}a∈A is locally finite, and Da, Db
are equal on Ua ∩ Ub for all a, b ∈ A with Ua ∩ Ub , ∅.
Indeed, since (Z,D) is paracompact, there is some {(Zi, di)}i∈I ∈ D such that {Zi}i∈I is
locally finite. Let {Z′i }i∈I be a shrinking of {Zi}i∈I . For each i ∈ I and x ∈ Z′i , let Vi,x be an
open neighborhood of x that is contained in Z′i and meets only a finite number of sets Z j
for j ∈ I. Therefore, for any y ∈ Vi,x, there is some open neighborhood Wi,x,y of y in Vi,x
such that:
• If y < Z′j for some j ∈ I, then Wi,x,y ∩ Z′j = ∅;
• if y ∈ Z′j for some j ∈ I, then Wi,x,y ⊂ Z j and the metrics di, d j are equal on Wi,x,y.
Again, because (Z,D) is paracompact, there is an open locally finite refinement {Ua}a∈A of
the open cover given by all possible sets Wi,x,y as above. For each a ∈ A, choose any Wi,x,y
containing Ua, and let Da denote the restriction of di to Ua. Then Claim 6 follows easily
with such a family {(Ua, Da)}a∈A.
A metric D on Z is now defined as follows. With the notation of Claim 6, let {U ′a}a∈A
be a shrinking of the open covering {Ua}a∈A. A pair (z1, z2) ∈ Z × Z will be said to be
admissible if there is some a ∈ A such that z1, z2 ∈ U ′a, and moreover
{z1, z2} ∩ U ′b , ∅ =⇒ {z1, z2} ⊂ Ub
for all b ∈ A. For each (x, y) ∈ Z×Z, let S x,y denote the set of all finite sequences (z0, . . . , zn)
in Z, with arbitrary length n ∈ Z+, such that z0 = x, zn = y, and (zk−1, zk) is an admissible
pair for every k = 1, . . . , n. Then set D(x, y) = 1 if S x,y = ∅, and let
D(x, y) = inf
(z0,...,zn)∈S x,y
n∑
k=1
Dak (zk−1, zk)
if S x,y , ∅, where zk−1, zk ∈ U ′ak with ak ∈ A for each k = 1, . . . , n. This definition is
independent of the choices of the indices ak by Claim 6.
Claim 7. Let a ∈ A, x ∈ U ′a and y ∈ Z with S x,y , ∅. Then
D(x, y) ≥
min{Da(x, y), Da(x,Ua \ U
′
a)} if y ∈ U ′a,
Da(x,Ua \ U ′a) if y < U ′a.
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To prove this assertion, let (z0, . . . , zn) ∈ S x,y and a1, . . . , ak ∈ A with zk−1, zk ∈ U ′ak for
k = 1, . . . , n. On the one hand, if z0, . . . , zn ∈ U ′a, we have
n∑
k=1
Dak (zk−1, zk) =
n∑
k=1
Da(zk−1, zk) ≥ Da(z0, zn) = Da(x, y)
by Claim 6. On the other hand, suppose {z0, . . . , zn} 1 U ′a. Then n ≥ 1, and let
n0 = min{k ∈ {1, . . . , n} | zk < U ′a} .
Since zn0−1 ∈ U ′a, we get zn0 ∈ Ua because (zn0−1, zn0 ) is an admissible pair. So
n∑
k=1
Dak (zk−1, zk) ≥
n0∑
k=1
Dak (zk−1, zk) ≥ Da(z0, zn0 ) ≥ Da(x,Ua \ U ′a)
by Claim 6, which completes the proof of Claim 7.
The above D is a pseudometric on Z because the following holds for all x, y, z ∈ Z:
(x, x) ∈ S x,x ,
(z0, . . . , zn) ∈ S x,y =⇒ (zn, . . . , z0) ∈ S y,x ,
(z0, . . . , zm) ∈ S x,y
(zm, . . . , zm+n) ∈ S y,z
}
=⇒ (z0, . . . , zm+n) ∈ S x,z .
To show that D is indeed a metric, suppose D(x, y) = 0 for some x, y ∈ Z; thus S x,y , ∅.
Take any a ∈ A with x ∈ U ′a. Since Da(x,Ua \U ′a) > 0, it follows from Claim 7 that y ∈ U ′a
and Da(x, y) ≤ D(x, y) = 0. So x = y as desired because Da is a metric.
It remains to check that {(Z, D)} ∈ D. Fix any z ∈ Z and any a0 ∈ A with z ∈ U ′a0 .
The following assertion follows easily because {Ua}a∈A is locally finite and {U ′a}a∈A is a
shrinking of {Ua}a∈A.
Claim 8. There is some open neighborhood Pz of z in U ′a0 such that
Pz ∩ U ′a , ∅ =⇒ Pz ⊂ Ua
for all a, b ∈ A.
Since {Ua}a∈A is locally finite and (Z,D) is Hausdorff, the set
Ox =
⋂
a∈A, x∈U′a
Ua \
⋃
b∈A, x<Ub
U ′b
is an open neighborhood of every x in Z. If x ∈ U ′a0 , it is easy to see that (x, y) ∈ S x,y for
any y ∈ U ′a0 ∩ Ox, and thus D(x, y) ≤ Da0 (x, y). Since
x ∈ Pz =⇒ Pz ⊂ Ox
for all x ∈ Z by Claim 8, it follows that D(x, y) ≤ Da0 (x, y) for all x, y ∈ Pz.
On the other hand, we get from Claim 7 that D(x, y) ≥ Da0 (x, y) for all x ∈ U ′a0 and all y
in the open ball in (Ua0 , Da0 ) of center x and radius ρ(x) = Da0 (x,Ua0 \ U ′a0 ). So D(x, y) ≥
Da0 (x, y) for all x, y in the open ball in (Ua0 , Da0) of center z and radius 12 ρ(z). Therefore
the metrics D, Da0 are equal on some neighborhood of x, and the result follows. 
Remarks. (i) Theorem 13.5 is very similar to the Smirnov metrization theorem [25], [19,
pp. 260–261] (see also J. Nagata [20, Chapter VI.3] for a stronger result), which shows
that a topological space is metrizable if and only if it is Hausdorff, paracompact and lo-
cally metrizable: in Theorem 13.5, the existence of a local metric is slightly stronger than
local metrizability, and the existence of a metric that induces a given local metric is slightly
stronger than metrizability.
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(ii) By the proof of Theorem 13.5, any paracompact Hausdorff local metric D can be con-
sidered as the germ of some metric on Z around the diagonal of Z × Z. But even in this
case, the introduction of local metrics makes sense to emphasize the fact that we are only
considering distances between “very close” points.
(iii) With the sheaf theoretic point of view given in the remark (iii) of Definition 13.1, even
though M is never a sheaf for interesting spaces, it is closer to be so for Hausdorff para-
compact spaces: in this case, Theorem 13.5 asserts that the canonical homomorphism of
presheaves, M → M˜, is surjective on all open sets.
Example 13.6. Let P be the open upper half-plane {(x, y) ∈ R2 | y > 0}, and L the real axis
{(x, 0) | x ∈ R}. Consider the half-disk topology on Z = P ∪ L [26, pp. 96–97], which has
a base given by the euclidean open sets in P and the sets of the form {z} ∪ (P ∩ U), where
z ∈ L and U is any euclidean open neighborhood of z in R2. This space is not metrizable
because it is not paracompact. But this topology is induced by a local metricD on Z, which
is determined by the family
{(P, dP)} ∪ {(Uz, dz) | z ∈ L} ,
where dP is the restriction of the euclidean metric to P, Uz = {z}∪P, and dz is the restriction
of the euclidean metric to Uz.
Example 13.7. With more generality, let (Z, d) be a metric space, let {Zi}i∈I be a covering
of Z, and let di be the restriction of d to Zi for each i ∈ I. Then the metrics di, d j have equal
restriction to the overlap Zi ∩ Z j for all i, j ∈ I, and thus the family {(Zi, di)}i∈I defines a
local metric D on Z. If the sets Zi are open in (Z, d), then D is induced by the metric d,
otherwise the topology induced by D is strictly finer than the topology induced by d, and
D may not be induced by any metric, as in Example 13.6.
Even though we are only interested on paracompact Hausdorff spaces, the following
problem is interesting.
Problem 3. Is any locally metrizable topology induced by some local metric? In particu-
lar, is there a compatible local metric on every non-paracompact manifold? For instance,
is there a compatible local metric on the Long Line [26, pp. 71–72]?
14. Pseudogroups of local isometries
The idea of a local metric as measuring distances between “very close” points is spe-
cially appropriate to define local isometries.
Definition 14.1. Let (Z,D) be a local metric space, and let h be a homeomorphism be-
tween open subsets of (Z,D). Then h is called a local isometry of (Z,D) if there is some
{(Zi, di)}i∈I ∈ D such that, for i, j ∈ I and z ∈ Zi∩h−1(Z j∩im h), there is some neighborhood
Uh,i, j,z of z in Zi ∩ h−1(Z j ∩ im h) so that di(x, y) = d j(h(x), h(y)) for all x, y ∈ Uh,i, j,z.
Remarks. (i) For a map h between open subsets of a local metric space (Z,D), the prop-
erty of being a local isometry is completely local, and h may not be isometric for a given
metric inducing D (Examples 8.7 and 14.2).
(ii) About the condition that the metrics di, d j are locally equal on Zi∩Z j for any {(Zi, di)}i∈I ∈
D, it just means that the identity map on any open subset of (Z,D) is a local isometry.
(iii) A homeomorphism h between open subsets of a local metric space (Z,D) is a local
isometry when it preserves the local metric in the obvious sense: h∗(D| im h) = D| dom h,
where the restrictions and pull-backs of local metrics are defined in an obvious way. With
the sheaf theoretic description of local metrics (remark (iii) of Definition 13.1), this means
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that h induces an isomorphism between the restrictions of M˜ to its domain and image.
(iv) The definition of local isometry is completely independent of the choice of the family
{(Zi, di)}i∈I ∈ D. So the same {(Zi, di)}i∈I can be chosen to verify Definition 14.1 for any
family of local isometries. Therefore the concept of pseudogroup of local isometries is
completely analogous to the concept of weakly equicontinuous pseudogroup.
Example 14.2. On the local metric space (Z,D) of Example 13.3, let H be the restriction
of the pseudogroup generated by all translations of R2. Then H is a pseudogroup of local
isometries of (Z,D). The maps in H with connected domain are isometries with respect
to d, but many of them are not isometries with respect to d′. For instance, let U be any
relatively compact and connected open subset of Z containing points x, y with [x, y]∩B , ∅.
Then there is a translation h of R2 such that h(U) ⊂ Z and [h(x), h(y)] ∩ B = ∅. So
d′(h(x), h(y)) = d(h(x), h(y)) = d(x, y) < d′(x, y) ,
and thus the restriction h : U → h(U) is an element of H with connected domain that does
not preserve d′.
Arguments similar to those used in the proof of Lemma 8.2 prove the following lemma.
Lemma 14.3. Let H,H′ be equivalent pseudogroups on spaces Z, Z′. Then H is a pseu-
dogroup of local isometries for some local metric inducing the topology of Z if and only if
H′ is a pseudogroup of local isometries for some local metric inducing the topology of Z′.
Unlike the concept of equicontinuity, it is not necessary to introduce weak and strong
versions of the concept of pseudogroup of local isometries by the following result.
Lemma 14.4. Let H be a pseudogroup of local transformations of a paracompact local
metric space (Z,D). Then H is a pseudogroup of local isometries of (Z,D) if and only
if there is some {(Zi, di)}i∈I ∈ D and some symmetric set S of generators of H that is
closed under compositions and such that di(x, y) = d j(h(x), h(y)) for all h ∈ S , i, j ∈ I and
x, y ∈ Zi ∩ h−1(Z j ∩ im h).
Proof. Take any {(Zi, di)}i∈I ∈ D such that {Zi}i∈I is locally finite. With the notation of
Lemma 13.4 and Definition 14.1, for each h ∈ H and z ∈ dom h, let
Uh,z = Uz ∩
⋂
i, j∈I, z∈Zi∩Z j
Uh,i, j,z ,
which is an open neighborhood of z. Then the result holds with S equal to the set of
compositions of all restrictions of the form h : Uh,z → h(Uh,z) and their inverses. We
have used that composition of isometries is an isometry, which fails for the equicontinuous
condition (8.1) with a fixed assignment ε 7→ δ(ε). 
15. Isometrization of strongly equicontinuous pseudogroups
On the type of spaces we are considering, it will be shown that compactly generated
quasi-effective strongly equicontinuous pseudogroups are pseudogroups of local isometries
for some local metric. We begin with the following version of Theorem 13.5 for quasi-local
metric spaces. Most of its proof is also similar to the proof of Theorem 13.5, but there are
some new difficulties.
Theorem 15.1. A quasi-local metric space (Z,Q) is induced by some metric on Z if and
only if (Z,Q) is Hausdorff and paracompact.
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Proof. As in the proof of Theorem 13.5, the “only if” part holds by the Stone theorem.
Now suppose that (Z,Q) is Hausdorff and paracompact. The following assertion can be
proved in the same way as Claim 6.
Claim 9. There is some {(Ua, Da)}a∈A ∈ Q and some δ(ε) > 0 for each ε > 0 such that
{Ua}a∈A is locally finite, and
Da(x, y) < δ(ε) =⇒ Db(x, y) < ε
for all ε > 0, a, b ∈ A and x, y ∈ Ua ∩ Ub.
We can also assume that the family {(Ua, Da)}a∈A given by Claim 6 satisfies that the
Da-diameter of each Ua is smaller than 1. If x, y ∈ Ua0 for some a0 ∈ A, let
D(x, y) = sup
a∈A, x,y∈Ua
Da(x, y) .
Note that D(x, y) ≤ 1 by the condition on the Da-diameter of each Ua, and that D(x, y) is
independent of a0. Moreover D is obviously symmetric, we have D(x, y) = 0 if and only if
x = y, and the following assertion follows directly from Claim 9.
Claim 10. We have
Da(x, y) < δ(ε) =⇒ D(x, y) < ε
for all a ∈ A and x, y ∈ Ua.
But D may not satisfy the triangle inequality on any open set because there may be
points x, y, z ∈ Ua0 so that x, y ∈ Ua and z < Ua for some a ∈ A. So D may not be a metric
on the sets of any open covering of Z; otherwise, Theorem 13.5 could be used to conclude.
Yet D is used to define a metric on Z with the idea of the proof of Theorem 13.5.
Let {U ′a}a∈A be a shrinking of {Ua}a∈A. A pair (z1, z2) ∈ Z×Z will be said to be admissible
if there is some a ∈ A such that z1, z2 ∈ U ′a, and moreover
{z1, z2} ∩ U ′b , ∅ =⇒ {z1, z2} ⊂ Ub
for any b ∈ A. For each (x, y) ∈ Z × Z, let S x,y denote the set of all finite sequences
(z0, . . . , zn) in Z, with arbitrary length n ∈ Z+, such that z0 = x, zn = y, and (zk−1, zk) is an
admissible pair for every k = 1, . . . , n. Now set D(x, y) = 1 if S x,y = ∅, and
D(x, y) = inf
(z0,...,zn)∈S x,y
n∑
k=1
D(zk−1, zk)
if S x,y , ∅.
Claim 11. Let a ∈ A, x ∈ U ′a and y ∈ Z with S x,y , ∅. Then
D(x, y) ≥
min{Da(x, y), Da(x,Ua \ U
′
a)} if y ∈ U ′a,
Da(x,Ua \ U ′a) if y < U ′a.
To prove this assertion, let (z0, . . . , zn) ∈ S x,y and a1, . . . , ak ∈ A with zk−1, zk ∈ U ′ak for
k = 1, . . . , n. On the one hand, if z0, . . . , zn ∈ U ′a, we have
n∑
k=1
D(zk−1, zk) ≥
n∑
k=1
Da(zk−1, zk) ≥ Da(z0, zn) = Da(x, y) .
On the other hand, suppose {z0, . . . , zn} 1 U ′a. Then n ≥ 1, and let
n0 = min{k ∈ {1, . . . , n} | zk < U ′a} .
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Since zn0−1 ∈ U ′a, we get zn0 ∈ Ua because (zn0−1, zn0 ) is an admissible pair. So
n∑
k=1
D(zk−1, zk) ≥
n0∑
k=1
Da(zk−1, zk) ≥ Da(z0, zn0 ) ≥ Da(x,Ua \ U ′a) ,
which completes the proof of Claim 7.
With the same arguments as in the proof of Theorem 13.5, it follows that D is a metric
on Z by using Claim 11.
It remains to check that {(Z, D)} ∈ Q. Fix any z ∈ Z and any a0 ∈ A with z ∈ U ′a0 . We
get the following assertion as in the proof of Theorem 13.5.
Claim 12. There is some open neighborhood Pz of z in U ′a0 such that
Pz ∩ U ′a , ∅ =⇒ Pz ⊂ Ua
for all a, b ∈ A.
Also, as in the proof of Theorem 13.5, the set
Ox =
⋂
x∈U′a , a∈A
Ua \
⋃
x<Ub , b∈A
U ′b
is an open neighborhood of every x in Z, and we have (x, y) ∈ S x,y for any x ∈ U ′a0 and
y ∈ U ′a0 ∩ Ox. So D(x, y) ≤ D(x, y) for all y ∈ U ′a0 ∩ Ox, yielding
(15.1) Da0 (x, y) < δ(ε) =⇒ D(x, y) < ε
by Claim 10. Since
x ∈ Pz =⇒ Pz ⊂ Ox
for all x ∈ Z by Claim 8, it follows that (15.1) holds for all x, y ∈ Pz.
On the other hand, as in the proof of Theorem 13.5, we get from Claim 11 that D(x, y) ≥
Da0 (x, y) for all x, y in the open ball in (Ua0 , Da0) of center z and radius 12 Da0 (z,Ua0 \U ′a0 ).
Therefore the families of metric spaces {(Z, D)} and {(Ua, Da)}a∈A are quasi-locally equal;
i.e., Q is induced by D. 
Remarks. (i) Theorem 15.1 can be also compared with the Smirnov metrization theorem.
(ii) By Theorem 15.1, in the paracompact Hausdorff case, a quasi-local metric is almost
the same concept as a local metric; the only different being that different local metrics may
induce the same quasi-local metric (Example 7.4).
Our “isometrization” result for pseudogroups can be stated as follows.
Theorem 15.2. Let H be a compactly generated, quasi-effective and strongly equicontin-
uous pseudogroup of local transformations of a locally compact Polish space Z. Then H is
a pseudogroup of local isometries with respect to some local metric inducing the topology
of Z.
Proof. The pseudogroup H is strongly equicontinuous with respect to some quasi-local
metric Q that induces the topology of Z. Such a Q is induced by some metric d on Z
according to Theorem 15.1. So, by remark (iv) of Definition 8.4, the condition of strong
equicontinuity is satisfied by the family {(Z, d)} with some assignment ε 7→ δ(ε) and some
symmetric set S of generators of H that is closed under compositions. We can also suppose
that S is closed under restrictions to open sets by remark (iii) of Definition 8.4. Furthermore
we can assume that the condition of quasi-effectiveness is also satisfied with S (remarks of
Definition 9.4). This means that any element of S is equal to the identity on its domain if
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it is equal to the identity on some non-trivial open subset; so two elements of S are equal
on the intersection of their domains if they have the same germ at some point.
Let U be any relatively compact open subset of Z that meets every H-orbit, and E any
symmetric system of compact generation of H on U. For each g ∈ E, let g¯ be its extension
satisfying the conditions of Definition 2.3, and let E = {g¯ | g ∈ E}. We can choose S , E
and the extensions g¯ so that E ⊂ S .
Let V be a finite family of open subsets of Z given by Proposition 8.9 for the above d,
S , U, E and extensions g¯. We can suppose that the d-diameter of every V ∈ V is smaller
than δ(1). Let R ⊂ H be the set of all compositions of elements in E, and R ⊂ H the set of
all compositions of elements in E; so R,R ⊂ S . For each V ∈ V, and x, y ∈ V , let
dV (x, y) = sup
h∈R, V⊂dom h
d(h(x), h(y)) ,
Such dV is well defined by Proposition 8.9, and we have dV (x, y) ≤ 1 by the condition on
the diameter of V and because R ⊂ S . It is easy to check that dV is a metric on V . Moreover
we have the following fact.
Claim 13. The metrics dV , dW are equal on V ∩ W for all V,W ∈ V.
Take sets V,W ∈ W with V ∩ W , ∅ to verify this assertion. It suffices to show that, for
all h ∈ R whose domain contains V , there is some h′ ∈ R whose domain contains W and so
that h, h′ are equal on V ∩ W: this clearly yields dV(x, y) ≤ dW(x, y) for all x, y ∈ V ∩ W,
and the reverse inequality is similarly obtained. Thus let h ∈ R with V ⊂ dom h. The germ
of h at any x ∈ V ∩W is equal to the germ of some f ∈ R at x. By Proposition 8.9, there is
some h′ ∈ R whose domain contains W and equal to f around x. Since h, h′ ∈ S and have
the same germ at x, these maps are equal on V ∩ W by quasi-effectiveness, and the claim
follows.
Therefore the collection {(V, dV) | V ∈ V} defines a local metric D0 on the union U0 of
the sets V ∈ V. Moreover, on the one hand, we obviously have dV (x, y) ≥ d(x, y) for all
V ∈ V and x, y ∈ V . On the other hand,
d(x, y) < δ(ε) =⇒ dV(x, y) < ε
for all ε > 0, V ∈ V and x, y ∈ V by strong equicontinuity since R ⊂ S . Thus D0 induces
the restriction Q0 of Q to U0.
Claim 14. We have
dW( f (x), f (y)) = dV(x, y)
for all V,W ∈ V, f ∈ R and x, y ∈ V ∩ f −1(W ∩ im h).
To prove this equality, let V,W, f , x, y be as in the statement of this claim. Then we
have f = gm ◦ · · · ◦ g1 for g1, . . . , gm ∈ E. Let ˜f = g¯m ◦ · · · ◦ g¯1 ∈ R. Then V ⊂ dom ˜f
by Proposition 8.9. For any h ∈ R with W ⊂ dom h, the germ of h at any fixed point
z ∈ W ∩ im f is equal to the germ at z of some element of R; say gm+n ◦ · · · ◦ gm+1 for
some gm+n, . . . , gm+1 ∈ E. Hence g¯m+n ◦ · · · ◦ g¯m+1 ∈ R has the same germ at z as h and its
domain contains W again by Proposition 8.9. It follows that h = g¯m+n ◦ · · · ◦ g¯m+1 on W
by quasi-effectiveness. Since gm+n ◦ · · · ◦ g1is defined around f −1(z) ∈ V , the domain of
g¯m+n ◦ · · · ◦ g¯1 contains V by Proposition 8.9 once more, and we have h ◦ ˜f = g¯m+n ◦ · · · ◦ g¯1
on V ∩ ˜f −1(W ∩ im ˜f ) by quasi-effectiveness. So h ◦ f is equal to some element of R on
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V ∩ f −1(W ∩ im f ), which yields
dW( f (x), f (y)) = sup
h∈R, W⊂dom h
d(h ◦ f (x), h ◦ f (y))
≤ sup
h′∈R, V⊂dom h′
d(h′(x), h′(y))
= dV(x, y) .
We also get dW( f (x), f (y)) ≥ dV(x, y) by applying the above argument to f −1 instead of f ,
and Claim 14 follows.
Claim 14 shows that the restriction of H to U is a pseudogroup of local isometries with
respect to the restriction ofD0 to U, and therefore the theorem follows by Lemma 14.3. 
According to Theorem 15.2, the following problem may be difficult and interesting.
Problem 4. Find an example of a strongly equicontinuous pseudogroup that is not a pseu-
dogroup of local isometries for any local metric.
16. A non-standard description of weak equicontinuity
The following simple non-standard description of weak equicontinuity shows the nat-
urality of this condition, even though strong equicontinuity is what is mainly used in our
study. The reference for non-standard analysis is Robinson [21]; we do not use any tech-
nique particular to non-standard analysis, only the concept of monad, which is now defined.
Fix a non-principal ultrafilter F on the set N of positive integers; i.e., F defines a point
in the corona of the Stone- ˇCech compactification of N. Let (Z, d) be any metric space. For
any x ∈ Z, the monad of x in (Z, d), denoted by M(x, Z, d) or simply M(x), is the quotient
set of the set of sequences yn in Z such that
{n ∈ N | d(x, yn) < r} ∈ F
for all r > 0, where two such sequences yn, zn are identified when
{n ∈ N | yn = zn} ∈ F .
If (Z′, d′) is another metric space, any continuous map f : (Z, d) → (Z′, d′) induces a
map f∗ : M(x, Z, d) → M( f (x), Z′, d′) for every x ∈ Z, which is defined as follows: if
y ∈ M(x, Z, d) is represented by the sequence yn, then f∗(y) is represented by the sequence
f (yn).
The monad of 0 in R with the euclidean metric is the set I of infinitesimal numbers. The
infinitesimal number represented by the zero constant sequence will be denoted by 0. For
ε, δ ∈ I, represented by sequences εn, δn, the inequality ε < δ means that
{n ∈ N | εn < δn} ∈ F .
Moreover the metric d on Z defines a map d∗ : M(x) → I for every x ∈ Z in the following
way: if y ∈ M(x) is represented by the sequence yn, then d∗(y) is represented by the
sequence d(x, yn).
Now suppose that Q is a quasi-local metric on Z and {(Zi, di)}i∈I ∈ Q. If x ∈ Zi ∩ Z j
for i, j ∈ I, then M(x, Zi, di) ≡ M(x, Z j, d j) canonically. Thus M(x, Zi, di) can be called the
monad of x in (Z,Q), and denoted by M(x, Z,Q) or simply M(x). It also follows that any
continuous map between quasi-local metric spaces, f : (Z,Q) → (Z′,Q′), induces a map
f∗ : M(x, Z,Q) → M( f (x), Z′,Q′) for each x ∈ Z.
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Theorem 16.1. Let H be a pseudogroup of local homeomorphisms of a quasi-local metric
space (Z,Q), and let {(Zi, di)}i∈I ∈ Q. Then H is weakly equicontinuous if and only if for
every ε ∈ I, ε > 0, there is some δ(ε) ∈ I, δ(ε) > 0, such that
(16.1) di∗(y) < δ(ε) =⇒ d j∗(h∗(y)) < ε
for all h ∈ H, i, j ∈ I, x ∈ Zi ∩ h−1(Z j ∩ im h) and y ∈ M(x).
Proof. Suppose first that H is weakly equicontinuous. So the condition of weak equicon-
tinuity is satisfied with {(Zi, di)}i∈I , some assignment ε 7→ δ(ε) and neighborhoods Uh,i, j,z
(Definition 8.1). We can assume that δ(ε) < ε for all ε > 0. Given any ε ∈ I, ε > 0,
take some sequence εn representing ε. We can assume that εn > 0 for all n. Then the
sequence δ(εn) also represents some infinitesimal number, which is denoted by δ(ε). Now
take h ∈ H, i, j ∈ I, x ∈ Zi ∩ h−1(Z j ∩ im h) and y ∈ M(x) with di∗(y) < δ(ε). So
{n ∈ N | di(x, yn) < δ(εn)} ∈ F .
Moreover
{n ∈ N | yn ∈ Uh,i, j,x} ∈ F
because y ∈ M(x). Therefore
{n ∈ N | yn ∈ Zi ∩ h−1(Z j ∩ im h), d j(h(x), h(yn)) < δ(εn)} ∈ F
by weak equicontinuity, yielding d j∗(h∗(y)) < ε, and (16.1) follows.
Now suppose that (16.1) holds for some assignment ε 7→ δ(ε) and all h, i, j, x, y as in
the statement. According to Definition 8.1, if H is not weakly equicontinuous, then there
exists some ε > 0, h ∈ H, i, j ∈ I and z ∈ Zi∩h−1(Z j∩ im h) so that, in every neighborhood
U of z in Zi ∩ h−1(Z j ∩ im h), there are points xU , yU with d j(h(xU), h(yU)) ≥ ε. So, for
every n ∈ N, there are points xn, yn ∈ Zi ∩ h−1(Z j ∩ im h) with
di(xn, z) , di(yn, z) < 1/n , d j(xn, yn) ≥ ε .
On the other hand, there is some N ∈ N so that d j(h(z), h(xn)) < ε/2 for n ≥ N. Thus
(16.2) d j(h(z), h(yn)) ≥ d j(h(xn), h(yn)) − d j(h(z), h(xn)) > ε/2
for n ≥ N. Given any ε ∈ I, ε > 0, let δ(ε) be represented by a sequence δn. We can
suppose that δn > 0 for all n. Then there is some kn ≥ N with 1/kn < δn for every n,
the sequence y′n = ykn represents an element y′ ∈ M(z), and we have di∗(y′) < δ(ε). So
d j∗(h∗(y′)) < ε, which contradicts (16.2). 
17. Strongly equicontinuous foliated spaces
Let (X,F) be a compact foliated space. Compact generation and recurrence are prop-
erties satisfied by its holonomy pseudogroup with the generators given by a finite defining
cocycle. To see this, fix a finite defining cocycle (Ui, pi, hi, j) of F with pi : Ui → Zi and
hi, j : Zi, j → Z j,i, where Zi, j = pi(Ui ∩ U j). Let H be the representative of the holonomy
pseudogroup of F induced by (Ui, pi, hi, j) on Z = ⊔i Zi. Suppose that (Ui, pi, hi, j) is a
shrinking of another defining cocycle
(
U˜i, p˜i, ˜hi, j
)
with p˜i : U˜i → Z˜i and ˜hi, j : Z˜i, j → Z˜ j,i,
where Z˜i, j = p˜i
(
U˜i ∩ U˜ j
)
. This means that, for each i, Ui ⊂ U˜i, Zi = p˜i(Ui), and pi is the
restriction of p˜i. Thus Zi ⊂ Z˜i, Zi, j ⊂ Z˜i, j, and hi, j is the restriction of ˜hi, j. Let H˜ be the
representative of the holonomy pseudogroup of F induced by
(
U˜i, p˜i, ˜hi, j
)
on Z˜ =
⊔
i Z˜i.
It easily follows that Z is relatively compact in Z˜, H is the restriction of H˜ to Z, Z meets
all H˜-orbits, and the transformations hi, j form a system of compact generation of H˜ on Z.
This system is proved to be recurrent as follows. Fix any point x in the closure of some
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Zi in Z˜i. Then p˜−1i (x) cuts some U˜ j. Thus Vi, j = p˜i
(
U˜i ∩ U j
)
is a neighborhood of x in
Z˜i such that Vi, j ⊂ Z˜i, j, Vi, j ∩ Zi = Zi, j and ˜hi, j(Vi, j) ⊂ Z j. Hence the transformations hi, j
form a recurrent system of compact generation by Lemma 4.4. Therefore, according to
Theorem 4.6, the coarse quasi-isometry type of the H-orbits with the metric induced by
the generators hi, j is kept uniformly fixed when varying the defining cocycle. So each leaf
of F determines a coarse quasi-isometry type of metric spaces. See e.g. [11] for a more
detailed description of the coarse quasi-isometry between the leaves and the orbits of the
holonomy pseudogroup, which is already implicit in [22]. The bornotopy type of leaves is
studied in [13], and most of its discussion also applies to the coarse quasi-isometry type.
If F is at least of class C1, then there exists a metric tensor on the leaves that is contin-
uous on X. In this case, it is well known that the already explained embedding of Z into
X, as a complete transversal of F, defines a uniform collection of coarse quasi-isometries
between the H-orbits and the corresponding leaves. This is just a consequence of having
a uniform upper bound of the diameter of the plaques for the given finite defining cocycle.
Therefore the coarse quasi-isometry type determined by each leaf is given by just itself
with such a metric tensor.
The foliated space (X,F) will be called weakly equicontinuous, strongly equicontinu-
ous, quasi-analytic, or quasi-effective, respectively, if any representative of its holonomy
pseudogroup is such. This is well defined because all of these properties on pseudogroups
are invariant by equivalences (Lemmas 8.2, 8.8 and 9.5). Then Theorem 10.1 has the fol-
lowing consequence.
Theorem 17.1. Let (X,F) be an equicontinuous, compact and quasi-effective foliated
space. Assume that the space of leaves is connected (for example, if F is transitive, or
if X is connected). Then all leaves with trivial holonomy group determine the same coarse
quasi-isometry type.
When (X,F) is at least of class C2, the leaves can be endowed with a metric tensor
which is continuous on X, and the above result can be improved to obtain quasi-isometries
via diffeomorphisms between covers of leaves.
This will be done with the help of the normal quasi-foliated bundles of Section 1. As the
previous results make evident, the problem with the holonomy and topological structure of
the transversal makes it difficult to effectively use the equicontinuity to push whole leaves
onto others. In any case, the following weaker solution to this problem can be provided.
Theorem 17.2. Let (X,F) be a strongly equicontinuous, compact foliated space of class C2
with connected space of leaves (for example, if F is transitive, or if X is connected). Then
the universal covers of all the leaves are uniformly quasi-isometric via diffeomorphisms.
Proof. Let L′ be the universal cover of a leaf L, and let N(L′) be the normal bundle de-
scribed in Section 1. With respect to some metric on N(L′), which is boundedly distorted
via the embedding, there is a product neighborhood N(L′, ε0) of the zero section in N(L′)
carrying a lamination Y, as described in Theorem 1.3. The projection of the leaves in this
neighborhood onto the zero section L′ is locally a diffeomorphism with bounded distor-
tion, by Proposition 1.5. On the other hand, the strong equicontinuity of the pseudogroup
readily implies that these projections are actually covering maps. More precisely, with the
notation of Section 1, strong equicontinuity implies that given ε > 0 there exists δ > 0 such
that if S is a leaf of Y and meets the fiber p−1(x) of some point x ∈ L′ at a point at distance
< δ from x, then it meets every fiber p−1(y) at points at distance < ε from the base y. This
implies that the projection p : S → L′ is a covering map, for it is a local homeomorphism
which has the path covering property, the only obstruction to lifting a path being that such
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leaf S runs off the neighborhood N(L′, ε0). Since L′ is simply connected, it follows that p is
a diffeomorphism. That p has bounded distortion was already discussed in Proposition 1.5.
The above paragraph shows that universal covers of pairs of leaves are uniformly quasi-
isometric if both leaves are close enough. Then the result follows since the space of leaves
is compact and connected. 
Theorem 17.3. Let (X,F) be a strongly equicontinuous, compact and quasi-effective foli-
ated space of class C2 with connected space of leaves (for example, if F is transitive, or if
X is connected). Then the holonomy covers of all the leaves are uniformly quasi-isometric
via diffeomorphisms.
Proof. The proof is similar to the proof of Theorem 17.2, but using the holonomy cover L′′
of a given leaf L instead of using the universal cover L′. As N(L′, ε0) in the above proof,
the neighborhood N(L′′, ε0) of the zero section in the normal bundle p : N(L′′) → L′′,
carrying a lamination Y, satisfies the following property: given 0 < ε < ε0, there exists
δ > 0 such that, if S is a leaf of Y meeting some fiber p−1(x) of a point x ∈ L′′ at a point at
distance < δ from x, then S meets every fiber p−1(y) at a distance < ε from the base point
y ∈ L′′, and it follows that p : S → L′′ is a covering map, whose triviality has to be proved.
This would finish the proof because the distortion of p : S → L′′ is uniformly bounded for
the leaves S of Y, as in the proof of Theorem 17.2.
Observe that Z(x, r) = Y ∩ p−1(x) ∩ N(L′′, δ) is a transversal of Y through x for any
r ≤ ε0. Then the key property of the above statement can be stated as follows: if h
is any holonomy map of Y defined on some neighborhood of x in Z(x, δ), and whose
image is contained in Z(x, ε), then h can be extended to a holonomy transformation with
domain Z(x, δ) and image contained in Z(x, ε). Moreover, under the present hypothesis,
this extension can be assumed to be unique. The only such holonomy transformation is
the identity on Z(x, δ) because L′′ has trivial holonomy group in Y since it is the holonomy
cover of L. Therefore any such a leaf S meets every fiber of p at just one point; i.e.,
p : S → L′′ is a diffeomorphism, as desired. 
Remark. There are versions of Theorems 17.2 and 17.3 for the coarse quasi-isometry type
of the universal coverings or the holonomy covers of all leaves when the foliated space is
not of class C2; in particular, this generalizes Theorem 17.1. The coarse quasi-isometry
types of these covers can be defined again via the generators of a representative of the
holonomy pseudogroup induced by a finite defining cocycle: the orbits can be thought
as graphs in an obvious way, and thus the corresponding covers can be constructed. The
coarse quasi-isometry types of such covers can be proved to be invariant by equivalences
when the metrics are induced by recurrent systems of compact generation. Hence, versions
of Theorems 4.6 and 10.1 for covers of the orbits need to be proved first. These generaliza-
tions are easy to make, but the required notation becomes complicated; thus they are left
to the reader.
One of the fundamental results of Molino’s theory of Riemannian foliations is the fol-
lowing. The closure of the leaves partition the manifold into the leaves of a larger singu-
lar foliation [17]. In the general situation considered here, the following weaker results
are available; they follow directly by applying Theorem 11.1, Corollary 11.2 and Corol-
lary 12.4 to the holonomy pseudogroup.
Theorem 17.4. Let (X,F) be a strongly equicontinuous, compact foliated space. Then the
closure of each leaf is a minimal set. In particular, F is minimal if it is transitive.
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Corollary 17.5. The leaf closures define a partition of any strongly equicontinuous, com-
pact foliated space.
Theorem 17.6. Let (X,F) be a strongly equicontinuous, compact and quasi-effective foli-
ated space. Then the closure of each leaf is a homogeneous space
The next result shows another geometric aspect of the structure of a strongly equicontin-
uous foliated space. It was shown by H. Winkelnkemper [31] for the holonomy groupoid or
graph, and by F. Alcalde Cuesta [1] for the homotopy groupoid of a Riemannian foliation.
Corollary 17.7. Let (X,F) be a strongly equicontinuous, compact foliated space of class
C2 with connected leaf space. Then the homotopy groupoid of (X,F) is, canonically, a
fiber bundle whose structural group can be reduced to the group of differentiable quasi-
isometries of the typical fiber, this being the universal cover of a leaf. If F is quasi-effective,
then the same is true for the holonomy groupoid, the fiber now being the holonomy cover
of a leaf.
Proof. The homotopy groupoid G of (X,F) consists of equivalence classes of paths on
leaves, two paths α and β being equivalent if they have the same endpoints and the closed
loop αβ−1 is homotopically trivial in the leaf which contains it. If [α] is a point of G, then
let s[α] = α(0) denote the source map s : G → X. The fiber of s over a point x ∈ X
is Gx, and is canonically identified with the universal cover of the leaf Lx. The foliated
space being of class C1 means that its leaves can be endowed with a continuous metric
tensor. Let U be a flow box for X with leaf space Z and such that its plaques are convex
subsets of the leaves with respect to the chosen metric tensor. Let x ∈ U, and let P be the
plaque containing x, so that U is of the form P × Z. Then, if GU denotes the restriction
of G to U, GU = s−1U, there is a map GU → Z × GP which sends a point [α] ∈ U to
(q(α(0)), [pøα(0)]), where q : U → Z is the projection into the space of leaves of U. Since
the plaque P is convex, there is a unique geodesic path in P joining x to any given point of
P, so there is a well defined map GP → P × Gx obtaining by precomposing a path starting
at some y ∈ P with the unique geodesic in P from x to y. Let φ : GU → U × Gx denote
the composition of this two maps. This map is a homeomorphism, and from the previous
work (Theorem 17.2), it follows that this map is a quasi-isometry on the fibers, that is, it
sends the fiber s−1(y) = Gy quasi-isometrically onto Gx. The quasi-isometry distortion is
bounded, and there is a commutative diagram
GU
φ
−−−−−→ U ×Gxy y
U U
from which the result readily follows.
If the foliated space is quasi-effective, then the same property for the holonomy groupoid
is proved similarly by using Theorem 17.3. 
To conclude, it is quite reasonable to expect that the theory presented in this paper can be
extended to include larger classes of foliated spaces which have some sort of transverse uni-
formity, paralleling certain well-known structures of classical topological dynamics [28],
e.g., distal actions.
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